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Motivation

¤Charmoniumcc̄wellestablishedbelowtheDD̄threshold.

¤Newcharmoniumstateshavebeenobservedintherecentyears.

X(3872)observedbyBelle,CDFJPC=1++or2−+,molecule?

X(3940)[η
′′
(3S)?],Y(3940)[χc1(2P)?],Z(3930)[χc2(2P)?]

¤HeavyHybridcandidatesY(4360)andotherstatessuchas

13D
3,...,13F

2etc.

¤ExperimentaleffordisunderwaytodeteminetheDsstates,e.g.,

DsJ[Babarhep-ex/0304021,Cleohep-ex/0305017]

¤Spectrumstudiesprovideuswithanimportanttestoflattice

methodsthatareverysimilartothoseusedforCKMdetermina-

tionsinothersystemse.g.,D-mesonsystem,Bs.

¤Wewouldliketocalculatethecharmed-mesonspectrumwith

highprecisionwithpractical“all-to-all”methodtogetherwith

“anisotropic”lattices.
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Lattice

Z=
∫

DAµDψDψ̄exp[−Sg−Sf]=
∫

DAµ(detMf)exp[−Sg]

andtheobservables

〈O〉=
∫

DAµDψDψ̄[O]e−S/
∫

DAµDψDψ̄e−S

a

L

•ψ,ψ̄:Sites

•Uµ(x)=exp[igAµ]:Links

•GaugeInvariance



&%

'$ TrinLat
@TCD.

AnisotropicLattices

as=ξatwithξ>1whereasspatialandattemporallattice

spacing.Thespatiallatticeextentshouldbelargeenoughto

accommodatetheheavy-lightstate.

2Bettersignal:Correlatorsfortheheavy-lightsytembecome

noisyatlarget.Thismakeitdifficulttoresolveaplateauinthe

effectivemassplots.Increaseinthenumberoftimeslicesallow

toresolvethesignalearlyandreducesthestatisticalerror.

2Smallerdiscretizationerrors:largeenergyscaleoforder

mQappearsinthetemporalcomponentsooneexpectserrors

O[(atmQ)n].

2Difficulttodeterminethelatticespacing:2latticespacings

needtobedetermined!Morningstaret.al.Phys.Rev.D60

034509(1999).
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FermionAction(FineWilsonCoarseHamber-Wu)

Mψ(x)=
1

at









µrmat+9

4ξ
(0)
q

+1+
a2
tg

4
σi0Ei



ψ(x)

−
1

2ut

[

(1−γ0)Ut(x)ψ(x+t̂)+(1+γ0)U
†
t(x−t̂)ψ(x−t̂)

]

−
1

ξ
(0)
q

∑

i

[
1

us
(
1

2
−

2

3
µrγi)Ui(x)ψ(x+ı̂)

+
1

us
(
1

2
+

2

3
µrγi)U

†
i(x−ı̂)ψ(x−ı̂)

−
1

u2
s
(
1

8
−

1

12
µrγi)Ui(x)Ui(x+ı̂)ψ(x+2̂ı)

−
1

u2
s
(
1

8
+

1

12
µrγi)U

†
i(x−ı̂)U

†
i(x−2̂ı)ψ(x−2̂ı)

]}

whereµr=1+
1
2mat.J.Foleyet.al.,hep-lat/0405030.
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GaugeAction(Two-PlaquetteSymanzikImproved)

Sg=
β

ξg

[

5(1+w)

3u4
s

Ωs−
5w

3u8
s
Ω
(2t)
s−

1

12u6
s
Ω
(R)
s

]

+βξ0

[

4

3u2
su2

t

Ωt−
1

12u4
su2

t

Ω
(R)
t

]

where

Ωs=
∑

x,i>j

[

1−Pij
]

,Pij=SpatialPlaquette

Ωt=1−time-likeplaquette

Ω
(2t)
s=

1

2

∑

x,i>j

[

1−Pij(x)Pij(x+t̂)
]

Ω
(R)
s/t=2×1rectangein(i,j/t)plane(1)

MorningstarandPeardon,NPBP83–84,887(2000).
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All-to-allPropagators

PointPropagators:restrictthephysics,interpolatingoperator

basisandloseinformationstoredinthegaugeconfigurations.

All-to-allPropagators:Expensive.

HybridMethod:DefinetheHermitianDiracOperator

Q=γ5MwhereMistheDiracoperator.

Q−1=
N∑

i

1

λ(i)
v
(i)⊗v(i)†whereMv

(i)=λ(i)v
(i)

=
Nev ∑

i=1

1

λi
v
(i)⊗v(i)†

︸︷︷︸

Q
−1
0

+
N∑

i=Nev+1

1

λi
v
(i)⊗v(i)†

︸︷︷︸

Q
−1
1

(2)

andcorrectthetruncationbyastochasticmethod:Dilution.
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EstimateQ
−1
1usingthestochasticmethodQ

−1
1=〈〈ψ⊗η†〉〉with

Nrnoisevectors
{

η[1],...,η[Nr]

}

.Thesolutions:ψ[r]=Q
−1
1η[r].

η=
∑

j

η
(j)j:dilutionindex

wherewecandiluteintime,space,colorandspinresultingin

theexactall-to-allpropagatorinafinitenumberofsteps.We

obtainahybridlistforthesourceandsolutionvectors:

w
(i)=







v(1)

λ1
,...,

v(Nev)

λNev
,η
(1)
,...,η

(N)







u
(i)=

{

v
(1)
,...,vNev,ψ(1),...,ψ(N)

}

and

M−1=
∑

i

u
(i)(x,x

0)⊗w
(i)(y,y

0)γ5

[Foley,et.al.Comput.Phys.Commun.172:145-162,2005.]
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Parameters

Gaugeactionβ1.508
(TSI3+1)ξg8.42

ω3.0

u4
s0.32

Fermionactionmsea-0.057
(fWcHW)ξq7.43

us,ut1
Stout-links2x0.22spatial

Charmquarksmc0.117
ξq5.90

Physicalvaluesas∼0.17fm
ξr6.00
mπ/mρ∼0.54

LatticeSize123×80
Dilutiontime+space(even-odd)

R.Morrinet.al.,Phys.Rev.D74:014505,2006[hep-lat/0604021]



&%

'$ TrinLat
@TCD.

Operators

All-to-allpropagatorsallowustoeasilyconstructcomplicated

operators:

O
(i,j)
Γ(x,t)=w

(i)
[1](x,t)†Γ(ΠU)u(j)

[2](x,t)

fromwhichwecanconstructthecorrelators

C(tx,ty)=
∑

i,j

O
(i,j)
[1,2](tx)O

(j,i)
[2,1](ty)

Example:
3S
1(1−)D?

sγ1
∑

i[Ui(x)u(x+i)+Ux†(x−i)u(x−i)]

Notation:

pjψ(x)=Uj(x)ψ(x+j)−U
†
j(x−j)ψ(x−j)

sjψ(x)=Uj(x)ψ(x+j)+U
†
j(x−j)ψ(x−j)
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JPC2S+1L
JSTATEOPERATORS

0−+1S
0ηc,η

′

cγ5,γ5
∑

isi
1−−3S

1J/ψ,ψ(2S)γj,γj
∑

isi

1+−1P
1hc,h

′

cγiγj,γ5pj
0++3P

0χc0,χ
′

c01,~γ·~p

1++3P
1χc1,χ

′

c1γ5γi,~γ×~p

2++3P
2χc2,χ

′

c2~γ×~p,γ1p1−γ2p2
2γ3p3−γ1p1−γ2p2

2−+1D
212D

2γ5(s1−s2),γ5(2s3−s1−s2)

2−−3D
213D

2γj(si−sk),γ1t1−γ2t2,
2γ3t3−γ1t1−γ2t2

3−−3D
313D

3~γ·~t

1−+Hybridqq̄g~γ×~u

[P.Lacock,C.Michael,P.BoyleandP.Rowland,Phys.Rev.

D54,6997(1996)]
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All-to-allmethodintroduceslocalfluctuationswhichresultsin

largeerrorsintheeffectivemassplotsanddifficulttoidentify

theplateauregion.

0102030

T

0.45

M
eff

Effective Mass plot for J/Ψ,    250 configurations

However,thisdoesnot

affectthefits.Inor-

dertoresolvethisprob-

lem,wedo“slidingwin-

dow”plots.Conditions:

χ2/n.d.f<2andQ>0.2.
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0510152025303540

tmin

0.432

0.436

0.44

0.444

fitted m
ass

J/ψ
ηc

Sliding window analysis for ηc and J/ψ

atmc = 0.117

250 configs.

tmax = 40
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MassDifference

Wecancalculatethetemporallatticespacingfrom∆M(1P
1−S̄):

∆M(S̄)=
1

4
[M(

1
S0)+3M(

3
S1)]

JPCFittedMass(atE0)(tmin,tmax)χ2/n.d.fQ

0−+0.4352±0.0001(18,40)1.100.31
1−−0.4397±0.0001(18,40)0.840.66

1+−0.5039±0.0003(17,29)0.690.77

∆M(1P
1−S̄)'458MeVa

−1
t=7.22±0.03GeV
at=0.0284±0.0002fm

Usingξr∼6.0:as'0.17fm
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VariationalAnalysis

Inordertostudytheradialexcitations,weadoptthe“variational

analysis”[C.Michael,Nucl.Phys.B259,58(1985);Luscher

andWolf,NPB339,222,(1990)].Theideaistoworkwith

differentinterpolatingoperatorsOα,α=1,2,...,nandconstruct

thematrix

Cαβ=〈0|Oα(t)O
†
β(0)|0〉

andλαaretheeigenvaluesofthematrixC(t0)−1/2C(t)C(t
0)−1/2

wheret0issomesmallreferencetime,(λ1≥λ2≥λ3...)and

lim
t→∞

λα(t,t0)=e−(t−t0)Eα[1+O(e
(−t∆Eα)].

Weperformsingle-statefitstothediagonalelements.
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CharmoniumSpectrum(Preliminary)
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JPSTATEOPERATORS

0−Dsγ5,γ5
∑

isi,γ5γ4

1−D?
sγj,γiγ4,γi

∑

isi

0+D?
s01,γ4,~γ·~p

1+Ds1γ5γi,γiγj,~γ×~p,γ5pi

2+Ds2γkpi+γipk,γ1p1−γ2p2,2γ3p3−γ1p1−γ2p2

[P.Lacock,C.Michael,P.BoyleandP.Rowland,Phys.Rev.

D54,6997(1996)]
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ConclusionsandOutlook
¤WepresentresultsforthecharmoniumandtheDsspectra.

All-to-allpropagatorsarecrucial.WeobtaingoodsignalsforS,

PandDwavesatalmosttunedmc,includingradialexcitations.

Wehaveagoodsignalforthe1−+hybridinthecharmonium

system.Wewillextendourstudiestootherhybrids.

¤Ourresultsfromthevariationalanalysisarepreliminary.Multi-

correlator-Multi-exponentialfitsarebeingperformed.

¤Hyperfinesplittingisverysmallinthecharmoniumsystem∼30

MeV.Thiswillbeaddressedbyincludinghigherordercorrection

terms;Σ·B.WewillalsoincreasethedilutionlevelfortheDs

systeminordertoobtainbettersignalsandtoinvestigatethe

effectsofthedisconnecteddiagramsinthecc̄system.

¤Wealsostudiedthecharmoniumathightemperatures

[arXiv:0705.2198].


