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1. COMBINED OPEN SHELL HARTREE-FOCK THEORY of ATOMIC-
MOLECULAR and NUCLEAR SYSTEMS (J.Math.Chem, 2007)

Abstract

In this study, the combined Hartree-Fock and Hartree-Fock-Roothaan equations are derived
for multideterminantal single configuration states with any number of open shells of atoms,
molecules and nuclei. It is shown that the postulated orbital-dependent energy and Fock operators
are invariant to the unitary transformation of orbitals. This new methodology is based entirely on
the spin-restricted Hartree-Fock theory. As an application of combined open shell theory of

atomic-molecular and nuclear systems presented in this paper we have solved Hartree-Fock-
Roothaan equations for the ground state of electronic configuration C(ls*>2s°2p?*) using Slater

type orbitals as a basis.

Keywords: Hartree-Fock theory, Open-shell systems, Multideterminantal states

1. Introduction
The main application of Hartree-Fock (HF) method was, in atomic and molecular physics, the

study of Coulomb systems (atoms, ions and molecules) with a purely Coulombic Hamiltonian of
electrons interacting with static nuclei. In nuclear physics, the use of HF method to compute the
ground state of nuclei is more recent and we refer, for example, to papers [1-5] and the references
therein. Roothaan’s open shell HF theory [6] is commonly used to evaluate the various properties
of certain states of atoms, molecules and nuclei (see, e. g., Refs. [7-15]). This approach does not
seem to have been extended to arbitrary open-shell states. In Roothaan’s treatment, which is an
extension of HF theory for closed shell systems [16], and in the extensions to open-shell states by
others [17-23], there are well-known complicating features which do not occur in the closed-shell
equations. In Ref.[24], we eliminated these difficulties and derived HF and Hartree-Fock-Roothaan
(HFR) equations applicable to any multideterminantal state of a single configuration of atomic and
molecular systems that has arbitrary open-shells. The aim of this report is to derive the combined
HF and HFR equations of atomic-molecular and nuclear systems applicable to any
multideterminantal state of a single configuration that has any number of open shells of any
symmetry.
2. Definitions and basic formulas

In the present paper, we use the combined Hamiltonian of the atomic-molecular and nuclear

systems of N particles (electrons or nucleons) in the following form:



A
F'w

a
2m 14 p=l v=p+1
au

N 1 7 N-l n
Z—l(_ w-1 Vi_gwlz J+Z Zf{u(xﬂ")’ (1)
where f“(x,,) are the repulsion or attraction interaction potentials for electrons (#=1) and

nucleons (a) = 2), respectively; m is the mass of nucleon. Thus we deal in both cases with fermions,

1. e., particles which obey the Pauli exclusion principle. This means that the particles of atomic-
molecular and nuclear systems will be described by antisymmetric wave functions-Slater
determinants. The general form of Slater determinants for an N - particle open shell system may be

written as [25]
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where n=im”"'m_ and x=xyzx”"'c. Here, u,(x)=u,(xyz)v, (K)u, (o) is the isospin-spin
orbital; u;(xyz), v, (k)and u,, (o) are the spatial, isospin and spin wave functions, respectively.
The spin orbital u,(x) =u,(xyz)u, (o) for atoms and molecules is the special case of isospin-spin

orbital for w=1. (u,,u Lu ) and (u

pyo v Uy nyoe W, ) occurring in Eq.(2) are the sets of
orthonormal isospin-spin orbitals for closed and open shells, respectively, where 0 <k < N . All of
the orthonormal and independent Slater determinants for a given configuration can be obtained
from Eq.(2). The first N —k orthonormal and independent isospin-spin orbitals in these
determinants are the same (closed shells), and all other k isospin-spin orbitals are different ( open

shells). The orbitals and Slater determinants form the orthonormal sets:

J.ufusdv =0, (3a)
zvjn[ (K) vm,’ (K) = é‘m,m[ (3b)
k

Du, (), (6)=6,,, (3c)

[vvdr =s,, 3d)



3. Combined orbital dependent energy expression
The postulated energy expectation value for a single configuration multideterminantal state of
combined atomic-molecular and nuclear systems with a given space, spin and isospin symmetry

can be written in the following form:
E® = 2) fih,+> Qed)J] - BIK])|. 4)

i ijkl
Here n =n_+n, is the number of occupied orbitals belonging to closed (#,) and open (7, ) shells,
1<i,j,k,l<n and w=1,2.For w=1 and for ® =2 Eq.(4) denotes the energy expectation value
of atomic-molecular and nuclear systems, respectively; f, is the fractional occupancy of shell i
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which is determined by

Ni
/i =N, (5)

where N, and N, are number of states and particles in shell i, respectively. It should be noted

that the orbital occupation numbers can also be determined by the use of MCSCF or CASSCF
approaches, which are well suited for open-shell problems and routine these days (see, e. g.,
Ref.[7]). In MCSCF and CASSCEF orbital optimizations, the orbital occupation numbers are the

result of calculations and not some arbitrary numbers selected before the calculation is performed.

In Eq.(4), the coefficients A7 and B}, are the coupling-projection constants. For closed-closed
and closed-open shell interaction energies (1<i,j<n, 1<k,/<nandl<i,j<nl<kil<n ) the
coupling-projection coefficients A4/, and B} are determined by
Al =B} = JiS0,04 - (6)

In the case of open-open shell interaction energies (n, +1<i,j<n and n,+1<k,[<n) the

values of coefficients 4], and B; depend on the state under study. We notice that the possibility of

writing the combined energy of atomic-molecular and nuclear systems in form (4) is based on the
assumption that the energy E“ is the average expectation value for all the degenerate total

orthonormal sets of multideterminantal wave functions ‘P{Ar for state with the irreducible

representation I':

Eo = 1 S [wL HYEL do, )
N, &

where
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Here, the quantities L, T and S are the total orbital, isospin and spin quantum numbers,
respectively.

In Eq.(4), h., J} and K/, are defined by

by =[] (7 yhu, (7 )b, 9)
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S = ([u (B) f (x,)u,(7)dv,)p(7) (13)
K, (7)) = (Ju, (7)) f (x,)p(F,)dv, Ju, (7). (14)
Here, K. is the exchange operator. See Ref.[24] for the definition of symmetrical properties of

square n”-dimensional supermatrices 4, B, J and K.

In the single-determinantal closed shell case, one has f, = f, =1 and A4 = B}, = 0,0;, - Then,

the formula for £, Eq.(4), can be rewritten using integrals 4,,J;, and K}, ,
E”:a{22hi+2(2a) ,?,;—K,’;)} (15)
i ik

where J|, and K;, are the ordinary 2-indexed integrals of Roothaan’s closed shell HF theory
[16].

4. Use of modified Slater’s determinantal method in evaluation of coupling-projection
coefficients

For the evaluation of coupling-projection coefficients occurring in the combined energy
expression, Eq. (4), we have to find independent Slater determinants and orthonormal
multideterminantal wave functions of terms. For this purpose we use the determinantal method

presented in Refs. [26, 27]. However, by the use of Slater’s determinantal method it is not only



difficult, in general, to find independent Slater determinants but also to simplify the construction of
multideterminantal wave functions for open-shell systems. In this section we have modified
Slater’s determinantal method for the evaluation of independent Slater determinants, which are
useful for the construction of multideterminantal wave functions and for the evaluation of
coupling-projection coefficients.

We have now to consider the problem of determining which of the independent Slater determinants
occur in a given configuration. According to Refs. [25] we can write down the N individual sets
comprising each complete set, which occurs in the configuration. The number and nature of the
closed shells is without effect on the values of quantum numbers in the open-shell spin-orbitals.

We denote here a set of quantum numbers for open-shell spin-orbitals by »n, (where i = 1,2,....k),

namely,

n,=12,.,N,, (16)

where N, is the number of spin-orbitals in the open shell i.

In order to obtain from Eq. (2) all of the independent Slater determinants for a given electronic or
nucleonic configuration we modified the Slater’s determinantal method for the states of the same
open-shell by taking into account in Eq. (2) only those values of 5 in the following form:

n<n <..<n,. (17)

We refer to the Slater rule based on the inequality (17) as modified Slater’s determinantal method
for the evaluation of independent determinantal wave functions. It should be noted that in the case
of different open-shells the sets of quantum numbers in Eq. (2) are independent. Therefore it is
easy to obtain the independent determinantal wave functions for these systems by the use of
modified determinantal method.

Now we can move on, as an example, to an application of modified determinantal method for the
determination of Slater determinants for atoms. Having made a list of the complete sets which

belong to an atomic electronic configuration we may classify them by values of > m, = M, and
Z m, = M s To make the argument concrete, let us consider the configuration C(1s°2s*2 p?) in

which two electrons occur outside closed shells. The complete sets for these electrons classified by

M,, M, values and the independent determinants obtained from Eq. (2) by modified

determinantal method are shown in Table 1.



It is easy to find from Table 1 the terms and the orthonormal sets of multideterminantal wave

functions ‘PAZSM which are egienfunctions of operators L’ L,, S?,and S . The results are given
LS z

in Table 2.

For the calculation of coupling-projection coefficients 4’ and B’ for open shell electrons we have
to take into account Table 2 for wave functions W* in Eq. (7) and to compare the results with

Eq. (4). The obtained results for C(1s*2s°2 p*) are presented in Table 3, where
nim:100 200 211 210 21-1
i: 1 2 3 4 5
and =2, m, =3, n=n+1,=5, fi~ f,=1, fi=fi=fi=>
5. Hartree-Fock and Hartree-Fock-Roothaan equations

The formula (4) for E” seems to be completely general, for a single configuration with any

number of open shells. The use of symmetrical and Hermitian properties of the
A BYJ. and K,, (see Eqs.(11)-(14) of Ref.[24]) simplifies the derivation of combined HF

equations.
We now apply the variational principle to the total energy, Eq.(4), in order to obtain the

combined HF equations for the spatial orbitals u, of atoms, molecules and nuclei. This derivation
closely parallels the derivation of HF equations in Ref.[24] for the atomic and molecular systems.
If we take into account the subsidiary conditions (3a) by the method of the Lagrangian
undetermined multipliers, denote the Lagrangian multiplier by —2mes,; and make use of the
symmetrical and Hermitian properties of 4, B}, h,J . and K, , then the variation of energy E,

Eq.(4), gives the following equations for the orbitals;

Flu=>ue,, (18)
Where ¢ is a Hermitian matrix of Lagrangian multipliers and F' is the Fock operator defined by
Fi=fh+G'. (19)
Here, the total particle interaction operator G' is determined by

G' =Y Qad)J, - BiK,). (20)
.kl

The quantities 121,’{’, and é,g occurring in Eq.(20) are the coupling-projection operators, defined by

Abu, = Ahu, (21)



Biu, = Blu,. (22)
The operator F' , which is defined in terms of the orbitals u,, is easily shown to be invariant

when orbitals are subjected to the unitary transformation by means of a unitary matrix Q [24]:
ui(?) = ZMZ(F)Q; > uz’(?) = Zui(F)Qii’ . (23)

It is easy to show that the energy expression, Eq.(4), is also invariant to such changes of the

orbitals.

Accordingly, the orbitals u satisfy

Flu,=>ulel,, (24)
where
e'=0%¢0. (25)

Eq.(25) shows that the Fock operator can be diagonalized using the unitary combinations of the
original orbitals. Since the matrix ¢ is Hermitian, there exists a unitary matrix Q so that
&'=0"¢Q is a diagonal matrix with real diagonal elements. It is therefore no loss of generality if
we assume that our set of orbitals satisfies the simpler equations
Fiu =su,, (26)
where the operator £ is defined by Eq.(19).

It should be noted that the orbital-dependent Fock operators and total energy in Roothaan’s open

shell HF theory defined by [6]

E= 22Hk + Z(ZJH _K/fl) + f[zsz + fZ(Za‘]mn _men) + 22 (2ka - Kkm )] (27)

are not invariant to the unitary transformation of orbitals and, therefore, the Fock operators of
Roothaan’s approach can not be diagonalized.
The combined HF equations for closed-shell atomic-molecular and nuclear systems can be

obtained from Eq.(26) using Eq.(6) for f, = f, =1:

Fu, =¢u,, (28)
where
F=h+G (29)

G Z(Za)jkk - [%kk) . (30)
k



Using Eqgs.(4), (19), (20) and (26) we can express the total energy in terms of the orbital energies

&, and the one-particle integrals 4, :

for open-shell systems

E”’=a)i(fl.hl.+gi), (31)
for closed-shell systems

E” =Y (h +). (32)

It is well known that the orbitals u,, occurring in the atomic-molecular and nuclear structure

theories, usually are defined as linear combinations of arbitrary basic atomic or nuclear orbitals

(LCAO or LCNO) [16]:

4, =3 7.C.. (33)
q

In order to obtain the HFR equations for the coefficients C,; we have to minimize the expression
(4) by varying the coefficients C,, within the limits permitted by the requirement that the orbitals

(33) form an orthonormal set, as expressed by Eq.(3a). We restrict ourselves here to writing down

the results for the combined open shell HFR equations of atomic-molecular and nuclear systems:

M(Fl -¢8,)C, =0, (34)
.

where

S, = I;(;;(qdv (35)
Fyy = fihy, + G, (36)
hyy =] ;(;(—#vf - 5@) fl ) 2,4V, (37)
&, = lowal 177 -5 k). (38)

J.rs
Here, the 4’ and b7 are the coupling-projection operators of HFR equations determined through

the matrix elements of the square - dimensional density matrices 4’ and bY by the following

formulas:
a' =CcA'C” (39)
b’ = CBIC*, (40)

where the operators 47 and b7 are defined by
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a'C,=a’C, 41)

b'C,=b"C,. (42)
The quantities /7 and K”? occurring in Eq.(38) are defined by

12 = [ 2,02, ) (6 2, (36) 2, (6 vy, (43)

K= [ 0 (o) 20 () f (o) 21, (36) 2, (6, v b, (44)
Taking into account Eq.(6) for f, = f, =1 in Eq.(33) it is easy to obtain for the combined

closed shell HFR equations the following formulas:

> (F,, -¢&8,)C, =0, (45)
7

where

F,=h, +G, (46)
G, = p, oI - k) (47)
p=CC". (48)

We see from the Tables 1-3 that the modified determinantal method can be of considerable
importance in the simplification and calculation of independent Slater determinants,
multideterminantal wave functions and coupling-projection coefficients for open-shell systems. As
an application of modified determinantal method, we have solved combined HFR equations for the

ground state of an C(1s°2s°2 p*) atom using Slater-type atomic orbitals as a basis. The results of

computer calculations for the linear-combination coefficients, orbital energies, total energy and
virial coefficient are given in Table 4 (the data for the screening constants of Slater atomic orbitals
were taken from Ref. [28]. The results given in this table agree well with published data [28, 29].
It should be noted that the modified determinantal method presented in this paper can also be used
to obtain the coupling-projection coefficients for open-shell nuclei and molecules. Work is in
progress in our group for the computation of structure of atomic-molecular and nuclear systems
with multideterminantal state of a single configuration that has arbitrary open-shells.
6. Conclusion

It is well-known that in the Roothaan’s HF theory the orbital-dependent energy functional, Eq.
(27), and Fock operators are not invariant to unitary transformation of orbitals [24]. Therefore
Roothaan’s Fock operators are not diagonalized. In this study, the new formulas are introduced for
the combined total energy, Eq. (4), and Fock operators (Eq.(19)) of open shell atomic-molecular

and nuclear systems which are invariant with respect to unitary transformation of orbitals. The
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variational principle is applied to the energy functional and the new forms of HF and HFR

equations are derived for spatial orbitals u, and coefficients C . For this purpose we have
minimized the postulated energy functional with respect to the orbitals u, and coefficients C,,,

subject to the orthonormality constraints the Lagrangian multipliers of which are designated with
—2we,,. We conclude that the Lagrangian multipliers form a Hermitian matrix, ¢, = ¢, , and the

is °

resulting equations have the off-diagonal coefficients ¢ ;.

It is shown that the operator F' is invariant with respect to the unitary transformation of

orbitals. We may therefore diagonalize the matrix &, so that all the orbitals u, and coefficients

C, satisfy the HF and HFR equations, respectively, F'u, = gu, and 2(13“ o —€5,,)C,; = 0. Thus,
q

rprq

in this paper we have established the combined HF and HFR equations for open shell atomic-
molecular and nuclear systems.

We notice that in the case of integer and noninteger n-STOs, the multicenter integrals occuring
in the combined HFR approach for atomic and molecular systems (@ = 1) can be calculated by the
use of expansion and one-range addition theorems for STOs, ¥“-ETOs and Coulomb-Yukawa

like central and noncentral interaction potentials established by the author in Refs. [30].
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Table 1. The independent determinantal wave functions for the electronic configuration

C(ls*2s*2p?)
ngim mg | ngim, mg M, M, |UQ@lm m,_ 21m m,)

A 2:1-4 P 0 U1(211% 211 —%)
3:0 1 1 1 |usen by 210 Y
4:0-1 1 0 |Us@ily 210 - 1)
si-1 ) 0 1usen sy -1y
6:-1-1 0 0 |useinly  21-1-17)

2:1-1 3:0 1 0 |U,@i-1g 210 1)
4:0-1 1 -1 |us@in-15 210 - 1)
s:-1 1 0 0 |U,@-1y 21-11)
6:-1-1 0 -1 U@ -1 21-1- )

3:0 )4 4:0-1 0 0 |Us@io Ly 210 - 1)
s:-1 ) 1 1 |us@o by 2r-1Y)
6:-1-1 1 0 |U.i0l)  21-1-17)

4:0 -1 s:-1 ) 1 0 |Us@10-1 21-11)
6:-1-1 1 -1 |Us@o -5 21-1- 1)

si-1 1 6:-1-1 ) 0 |Us@i-1}5 21-1-15)

Table 2. The terms of electronic configuration C(1s*2s>2p*) and their multideterminantal wave

functions
Terms LS
MM
1
1 Wy — U, -U,-Uy,)
S 00 \/E 6 7 8
1 1
1 \{/228=U1 Tl%OZE(U3_U4) \Foz(;)zﬁ(Ué_U7+2Us)
D 20 1 20
\qu :E(Ulz _Uls) \P—zo :Uls
‘P1111 =U, IP1101 = % (U3 + U4) lPll—ll = U9
1
p \P(;ll =U; \P(;(; = f U +U,) \P(;ll =U,,
1
\lell =U, \P,lllo :E(Uu +U,;) \P—lll—l =U,,
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Table 3. The values of coupling-projection coefficients 4’ and B’ for electronic configuration

C(1s*2s°2p?).

Closed-closed and closed-open shells

Egs. (5) and (6)

Open-open shells

Egs. (4) and (7)

A =1
A= a7 =1
A==
3
A=A =
3
A= a =
3
A =1
=gy =
3
A==
3
A=Ay =
3

n __
B, =1
1 _ p2
Bzz _Bn
11 __ 33
B33 _Bll
1 __ pa
B44 _Bu
11 S5
Bss _Bn
2
B, =1
2 p33
B33 _Bzz
2 p4
B44 _Bzz
2 _ PS5
Bss _Bzz

33
ASS

44

Wl W= W=

33
A44 -

44 _i

33 12

=L B
12

p=l B
12

33
B44

gl
6

55 _l

33 6

55 _l

44 6

Table 4. Numerical linear combination coefficients of Slater atomic orbitals (y = ZS: . C ) for
i p= q qi

the ground state of C(1s’2s”2p’,’P) and orbital energies (in a.u.).

2, Z, & =&, &, =&y, £=6,, £,=6,,, &5 =6,
~11.301550 | —6.774946 | —1.338743 | —1.338743 | —1.338743
0=Cs) 156727 0.997438 |-0.235078 |0.000000 | 0.000000 | 0.000000
7:=C(25) [1.6083  [0.011438 |1.024702 |0.000000 |0.000000 |0.000000
7:=C2p,) [15679  |0.000000 |0.000000 |1.000000 |0.000000 |0.000000
7:=C2p.) [1.5679  |0.000000 |0.000000 |0.000000 |1.000000 |0.000000
2:=C2p,) |1 5679 | 0.000000 |0.000000 [0.000000 |0.000000 |1.000000
Total energy Kinetic energy Virial ratio
-37.622389 37.622691 -1.999992

-37.622389 (from [28])
-37.579018 (from [29])
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2.COMPLETE ORTHONORMAL SETS of v*-ETOs in
COORDINATE, MOMENTUM and FOUR-DIMENSIONAL
SPACES, and ONE-RANGE ADDITION THEOREMS for w«-
ETOs and STOs (Int.J. Quantum Chem., 90 (2002) 114 ,...)

It is well known that the exponential type orbitals (ETOs) would be desirable for basis sets in
molecular calculations because they can satisfy the cusp condition at the nuclei [6] and the
exponential decay for large distances [7-8]. However, the difficulties in calculation of multicenter
molecular integrals have restricted the use of ETOs in quantum chemistry. In the literature there is
renewed interest in developing efficient methods for the calculation of multicenter molecular
integrals by employing ETOs as basis sets [9-17]. Older works mainly using STOs are reviewed in
Refs. [18-22].

One of the most promising methods for the evaluation of multicenter molecular integrals is the
expansion of STOs in terms of complete orthonormal sets of ETOs placed at shifted center. In Ref.
[17] we derived the two kinds of expansion formulas for one-range addition theorems of STOs
using so-called Coulomb Sturmian and Lambda ETOs, which into atomic and molecular
calculations were introduced in Refs. [23-26], respectively (see also Refs. [27-28]). It should be

noted that Coulomb Sturmian and Lambda ETOs are based upon the generalized Laguerre

polynomials L' and L’"*? | respectively. Utilizing relations for these ETOs presented in Refs.

n+1 n+l+1 >

[23-26] we are able to find in Ref. [2] the following single analytical formula for the complete
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orthonormal sets of w“ — ETOs which are composed of an exponential, a regular solid spherical

harmonic, and the non-standard generalized Laguerre polynomials L>', [*'* [’

W (£oF) = RY(E,1)S, (6,0) @.1)
B N e)'o N C e L R
R (&, F)=(-1) [—(Zn)“(q!)S } x'e Lq(x), (2.2)

where x=2{r, p=2l+2—-a, g=n+l/+1—-a and a =1, 0,~1,-2,-3, . . .. The following relation

determines the generalized Laguerre polynomials

q-p )

L(x) =3 B (2.3)
i=1

where

By =D (g =) F(9)F,.(9). (2.4)
qVlil(g—D)!]  for 0<i<gq

E(q) = : . (2.5)

0 for i<0 and i>q.

The generalized Laguerre polynomials satisfy the orthonormality relation

Te-xxPLg (X)L, (x)dx = ﬂ@]q, . 2.6)

0 (- p)!

The functions S

Im

occurring in Eq. (2.1) are the normalized complex (S,, =Y, )or real spherical

harmonics. We notice that our definition of phases for the complex spherical harmonics differs

from the Condon—Shortley phases [29] by the sign factor. We use phases according to the relation

Y, (8,9)=Y, , (8,9). It should be noted that the Lambda and Coulomb Sturmian ETOs introduced
in Refs. [23-26] are the special cases of the w“ — ETOs for o = 0 and a = 1, respectively; i.e.,
w' =A,, and ! =w.  (see Egs. (1) and (2) of Ref. [17]).

nilm

The w* — ETOs are orthonormal with respect to the weight function (n/{r)”:

[V G Wi (S YAV = 8,81, @7

where

wa,(C.F)=R5(£,1)S,,(0,0) 2.8)

Rz(m:(ij RA(L,r). (2.9)
gr
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By the representing the generalized Laguerre polynomial in terms of powers of the x=2¢r
according to Eq. (2.3) it is easy to obtain for the transformation of w“ —and w* — ETOs into

STOs the expressions

Vi (GF) = Y o g (CoF) (2.10)
n'=[+1
&R =) Y [0 [200+ )] 0 (6P, 2.11)

where the quantities @, are determined by

1/2
. i n'+1+1)! ,
o’ = (=" 1{(2n)0‘((n’+l+i— Y F. . .m+l+1-a)F, , (n—1-1)F,, (2n )} (2.12)

Here, the y,,,(¢,7) are the normalized STOs defined as

1/2

Kun(§,7) =252 [2m)] " e S, (0,9). (2.13)
We notice that if factorials of negative number occur in these equations, they should be equated to
zero, i.e., o’ =0 for n<n'.
1. One-Range Addition Theorems for ¥“-ETOs, STOs and Coulomb-
Yukawa Like CIPs

The aim of this section is to establish the one-range addition theorems for y“ — ETOs, STOs

and Coulomb-Yukawa like CIPs. These addition theorems can be used for the calculation of
multicenter multielectron integrals arising in HFR approximation and correlated interaction

potentials approaches.
2. ¥“-ETOs

To derive the unsymmetrical one-range addition theorems for w“—ETOs we expand the

w“—ETOs in terms of y“ —ETOs at a displaced center and use Eq. (2.7) for orthonormality

relation. Then, we get the desired result,

o n-1 I _
nlm = zz z nim,n'l'm’ (é/’é/’;Rab)l//Zl'm’ (é/”l_ﬂ;l) ’ (31)

n'=11'=0 m'=

where the overlap integrals of y* — ETOs are determined as

St (6185 Ry = [V (DTS, (&7 )by (3.2)

Using Egs. (2.10) and (2.11) in (3.2) we obtain for the expansion coefficients in terms of overlap

integrals over STOs the following relation:
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n n'-a

Srim,n'l’nz'(gbgl;ﬁab):(2n,)a Z Z ':(2;/)'/[2(/‘/4_“)]']% a)r(:r[l a)r(:iz "+~ n"Im,u) I'm' (é/ § Rab) (3 3)

n"=l+1 y'=l'+1-a

where the S,., ., (£, R ) are the overlap integrals of STOs defined by
Snlm,n'l'm' (é,’ é/” Rab ) = _[ Z:lm (élﬁ 77;11 )Zn'l'm' (éd’ ’7};1 ) dvl . (3 4)
See Sec. 5 for the evaluation of overlap integrals S,,, (¢, R,,) .

The formulae for symmetrical one-range addition theorems of w* — ETOs are presented in Ref.

[30]:

W (L) = (2”] B

n'=11'=0 m'=-I'

n'-1

[i S ot (. D . R,,)}Pn,m@' ). (.5)

N=1L=0 M=-L

where ¢ = (£ +¢')/2 and

nim,n'l'm’"

DM 66D =5 QLAY C ) A%,

[(2(S a)) ]1/2 a 1=
o 5 5 Soreiion Sanp 0 600 6o
It should be noted that for ¢ =¢”, the coefficients D" .(£,¢",¢) determined by the relations

(3.6) do not depend on the parameters ¢, i.e.,

DM el (e oy (3.7)

T T
Thus, Egs. (3.1) and (3.5) determine all the unsymmetrical and symmetrical one-range addition
theorems of “ — ETOs , respectively.
3.STOs

In previous works [31-32] the unsymmetrical and symmetrical one-range addition theorems for

STOs were derived using complete orthonormal sets of W* — ETOs .

In order to obtain the unsymmetrical one-range addition theorems for STOs we expand STOs in

terms of complete orthonormal sets of W “-ETOs at a displaced center:

o n'-1

T (§7) =202 Z M i (8.6 R) Wi (S71) (3.8)

n'=11'=0 m'=

where R=R,, and

nlmnlm ({ ¢’ R) .[anm g, al) n'l'm’ (é, ”1:1) (3.9)

Here, we have taken into account the orthonormality relation (2.7) for ¥*-ETOs.
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In order to express the right-hand side of eq.(3.8) in terms of STOs we use a particular method

suggested in previous publucation[31]. Using this method, we write Eq.(3.8) in the following form:

n'-1

Ko ($57) = Jlim > Z st (628 R) Wiy (£757;) (3.10)

NHN X n'=11'=0 m'

where N <o

Now we rearrange the order of summations in (3.10) using Eq. (2.10) and characteristics of the

coefficients @”,. Then, it is easy to prove for 1< N < oo the following identity:

N 4 .
Z Z M’Z; n'l'm' (é,’é/’;R)\P:’l'm’ (é,,’ 77[;1)
DR 3.11)

N n-1 I N .
zz [ z n "n' nlm,n"l'm' ((3 él’;R)j/lln'l'm' (éq, 771;1 )

n'=11'=0 m'= n"=n'

n'-1

We take into account Eq.(2.10) in Eqgs.(3.9) and (3.11). Then, we obtain finally for the

unsymmetrical one-range addition theorems of STOs the following relation:

N n'-1 I
anm(é/J al) N_lg\/n z z nlm n'l'm' (é/ é/ R)znlm (é/ 7/;)1) . (312)
'''''' =11'=0 m'=—1"
Here, the expansion coefficients V" for translation of STOs are determined by
nlm n'l'm' (é, é, R) ann nlm,n”—al'm’ (é”é’"]_é)’ (313)
n"=I'+1
where
1
2k-a)' ) & I al
Qi (V)= {[—} @n)" o), @), . (3.14)
(2’()' n'm%(n,)c)

The quantities S occurring in Eq. (3.13) are the overlap integrals between the normalized

nim,n'l'm’
STOs defined by Eq. (3.4)

It can be seen from Eq.(3.13) that the expansion coefficients for the unsymmetrical one-range
addition theorems of STOs are expressed through the overlap integrals with STOs.

The symmetrical one-range addition theorems of STOs are given in Ref. [33]:

. 1 ) N !
Zyva(g’nl)szE]r\,n z z

77 NN n=1 1=0 m=—1

n—=1

N+N'-a+l u-1 v
|: Z Z Z Dz\ilal')snlm (N7 N,’ t)Z:us (773 Rab) nlm (775 }_;271 )’ (3 : l 5)

u=1 v=0 s=—0

where 77 >0 and
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N N’ N’ "
auv. ' a auv (/u +4 = C()'
D Zasn m (N’ N ’t) = Qmi'(N) g 'th/o'sn'—am "
vt n;I ,UZV-H me : ,u;H {(211'1)'[2(# _a)]!}l/z (316)
QL (VL 0 (1)
_ C -1 auvs — ' "
Here, t==— and g0, =0 for u>y'+n'—a+1.
g+

The unsymmetrical and symmetrical one-range addition theorems can also be established
for noninteger n STOs. For this purpose one should take into account Eq. (3.12) and (3.15) in Eq.

(4.27) for the one-center expansion formulas.
4. Coulomb-Yukawa Like CIPs

It is well known that the determination of multielectron properties for atoms and molecules
requires the more accurate solutions of Hartree-Fock (HF) equations [34]. In order to obtain better
approximate solutions in HF theory, Hylleraas first introduced the two standard variational
approaches in a series of papers on heliumlike systems: (1) the Hylleraas (Hy) method [23,35], in

which the interelectronic coordinates r; are explicitly included in the terms of the wave function;

(2) the configuration interaction (CI) method [36,37], in which the wave function is determined by
the linear combination of determinantal functions arising from different configurations [38]. There
are theoretical grounds [38-39] for thinking that both the CI and the Hy methods are general
methods capable of yielding variational solutions that converge to the exact solution of the
Schrodinger equation with any desired degree of accuracy if a sufficient number of terms are
included. We notice that the CI expansions converge much more slowly than the Hy-method
expansions. Recent work on the hybrid technique Hy-CI [40], which avoids many of the
complicated integrals, converges rather quickly for small systems. A drawback in the Hy-type
expansions, however, is the complexity of the calculation of multicenter multielectron integrals.
The Hy method first developed by James and Coolidge [41] has been used for determination of the
ground state energy of H, molecule [42, 43] and is still valid for two- and three-electron atomic
and molecular systems (see, e.g., Refs.[44, 45] and references quoted therein).

In this section, using the complete orthonormal sets of w“—ETOs a large number of

unsymmetrical and symmetrical one-range addition theorems for Coulomb-Yukawa like CIPs are
presented. The addition theorems derived are especially useful for the computation of multicenter
multielectron integrals of CIPs occurring in the HFR approximation and explicitly correlated

methods.
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In Ref. [46], we introduced the CIPs method, in which the positive indices g, screening

parameter & and the interelectronic coordinates x,, v, and z, are explicitly included in the terms

of the CIPs. The combined Coulomb (for £ =0) and Yukawa (for & >0) like CIPs are defined as
[32, 46]:

fm(f,?)=fﬂ(§,r)( j” j 5..(0.0), (3.17)

2v+1

where £ 2>0, £>0and S (0,¢) are the complex (for S, =Y ) or real spherical harmonics and

fﬂ(f,r)=fﬂ00(§,r)=r”_le_§r. (318)
In order to derive the unsymmetrical one-range addition theorems for Coulomb-Yukawa like CIPs,
we expand the function (3.17) in terms of complete orthonormal sets of y“ — ETOs at a displaced

center. Then, using the method set out in section (3.2) we finally obtain:

N n-1 1 N
fyvo- (éa I_;al) = \/ENI_{ z z W/Jav];]- nlm (989 U;Rab )/?«/nlm (773 17;71) s (3 19)

X n=1 1=0 m=—[
where 7 >0 and

— N .
W/JO:/]Z' nlm (5’ 77’ Rab) = Z Q:nl’ (N)vaa,n'—alm (CJ{:’ U;Rab ) : (320)
n'=l+1
Here, a =1,0,-1,-2,..and U, , ... (é,n;ﬁab) are the overlap integrals between CIPs and STOs:
U (g,n;éb)=Ljf* (EF Vo (1071 ). (3.21)
uvo,n'—alm a \/E unvo a n'—alm

The unsymmetrical one-range addition theorems of Coulomb and Yukawa potentials are obtained
from Eq. (3.19) for u=v=0=0,¢=0and u=v=0=0, &> 0, respectively,

for Coulomb potential

N n-1

__\/_Nl_l)m zzzWogévnlm (0 7, ab)anm (ﬂa”m) (3.22)
Nimax n=l 1=0 m=
- N -
VVO‘S(])VnIm (05 777 Rab) = Z Qizui’ (N)UOOO,n'—alm (O’ 77’ Rab) (323)
n'=l+1
1 1
Uooon'—aim (0 7, ab) = Tﬂ_.[ " X' —aim (77’7?;1 )dvl , (3.24)
for Yukawa potential
St N n-1 1 R
er = \/ENEIAII:M Z Z VK)%évnzm (5» U;Rab)lnlm (77, ’7bl) (3.25)
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— N —
VV()‘gé\fnlm (5’ 77’ Rab ) = Z jSi’ (N)UOOO,n'—alm (5’ 77’ Rab ) (3 26)
n'=l+1
- 1 ol _
Uooon'—aim (f, mR, ) = ﬁj%lﬂ'alm (77’ T )dvl . (3.27)

The analytical relation for two-center basic Coulomb potential function, Eq. (3.24), is given in

previous work [47]

o 2" (n+1+1)! R "
1) = s (1= S )15, 0.0), (.29)
yh )=~ (n ~ D) (3.29)

ol (m+l+D)(c-20-1)
Here U, (7.7)=Uypgum (0.7:7), y.(n)=0 for c<0and o >n+l. In Eq.(3.29) terms with

negative factorials should be equated to zero.

We notice that the expression for two-center basic Yukawa potential function, Eq. (3.27), could be
obtained by the use of formula for two-center overlap integrals of STOs (see Sec. 5).

The formulae for the symmetrical one-range addition theorems of Coulomb-Yukawa like CIPs

have been derived in Ref. [33]:

3/2 N n-1 [ N+N'-a+l u-1 v
fva(g’l_; ):—+ hm |: _1 VBaf;)s;qm(NﬂN';gﬂn)//{:us(n9l7):|
SN ¢ ) e mzz zl ZOZ( ) B ©13.30)
XZn]m(U’ﬁ)’

where o =1,0,-1,-2,... and

Bows (N N"f 77)_( Ar jl/z i O (N) i gauus i (,U+,U”—0!)!
uvo,nim b 5D 2V+1 S~ nn et u'vo,n'-alm ot {[Z(ﬂ”_a)]!}l/z 3 31
277 " —a+l ( * )
xQ% (N")| —— .
! )[é +77j

In the case of symmetrical addition theorems for Coulomb like CIPs (&£ =0) the coefficient B“"

does not depend on the parameter 7, i.e., Biw  (N,N';0,n)=B2%"  (N,N').

uvo,nlm wuvo,nlm
We notice that in our published papers, the series expansion formulae were also derived for the

derivatives of unsymmetrical and symmetrical one-range addition theorems of W“ — ETOs , STOs
and Coulomb-Yukawa like CIPs. These derivatives can be useful especially in the study of electric
field and its gradient created by the electrons within the molecule. Weniger, however, claims that

“Guseinov did not derive completely symmetrical one-range addition theorems” [3, p.16]. This
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statement of Weniger is completely unacceptable. He had failed to understand our theory behind

unsymmetrical one-range addition theorems.

5. Use of one-range addition theorems for Coulomb potential in evaluation of

multicenter integrals of HFR equations

The series expansion formulae obtained in Section 3 for the unsymmetrical and symmetrical one-
range addition theorems of STOs and Coulomb-Yukawa like CIPs can be used in the derivation of
relations for the multicenter integrals of an arbitrary t-electron operator that arises in calculations
of atoms and molecules with N electrons, where 2<7< N . As an example of application, we
calculate in this Section, the multicenter integrals of integer and noninteger n STOs appearing in
the HFR equations.
5.1. Multicenter integrals of integer n STOs

The multicenter integrals over integer n STOs examined in this work have the following
form:

One-electron multicenter integrals
ab,c 4 * — ) - 1
G 6D = [ 2, (€T 2y (G — v, (@.1)
cl
Two-electron multicenter integrals

Jot (£1,61,65,65) = .[J.ZPI(CU al)Zpl(é,l’7’7;71) sz(é,za cz)sz(Czardz)dvldvza (4.2)

PlP sPaP2
where p, =nlm, p/=nlm,p,=nlm, and p; =mlm;. Here the y (.7, )denotes that the
STO is located at a center g, where g =a,b,c,d.

In order to evaluate the one- and two-electron multicenter integrals, Egs. (4.1) and (4.2), we use
the relation (3.22) for the unsymmetrical one-range addition theorems of Coulomb potential in the
following form:

L im S S 2 QNI 012 2, 011, (43)

43 NNy n=1 [=0 m=-1 n'=

n—1

where o =1,0,—1,-2... Then, we obtain:

S (Gglom =ar Jin n2 2 2. D SZf’,Z,J(él,a,n)ZQ“f(N)U (1. R,) (4.4)

x n=1 =0 m=—1 n'=l+1

n—1
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n—.

JO (686 = 11mZZZ(1)Sjlf’;,p(él,&',ﬂ)z%{(MU;i‘fﬁz(m{z,é’z’), (4.5)

plp P2P2 N—>Na n=1 =0 m= n'=l+1

where p=nlm,p'=n"—alm and

_ _ 2n'—a+l(nr_a+l+1)! e n'—a+l ; . 4.6
Ut R = o - Ry Zo 7o O = RS o) (10)
Sube (&S =N [ 1 (G T 2, (G 2, (1.7, v, (4.7)
Ut (1:65,80) =NAT [ U 00,7502, (63070) 13, (63, b, (4.8)

The relationship for two- and three-center overlap integrals of three STOs occurring in Egs.

(4.4) and (4.5), respectively, are presented in Refs. [48] and [49].

Taking into account Eq. (4.6) in (4.8) for b—c,c —2 and R, =7, we obtain for the two-
center functions U ;:f’Zz », the following relation:

2" (' —a+1+1)! N, (P, Poty)

¢, ' L|m), m,
Ugs (0.6,.83) = S L+ m, 1,my) A7

QI+1D{[2(n" - e)]!(27)}'"? ! T (4.9)
G:I(Hlﬂxfnz).nz'—ﬁ(pa;pZ’pZIZ)_ ”iJr }/:lr(n'_a)p:ng(IHHanz),né—/?(p5pt) Jor I+l+a-n,>0
XZ gZ/i (LA, 54) n,ia”(ﬁmminz s
o Ot (P2 Pol) = Z Vo0 =@)PIOL vy (P> PD) for I+l+a-n,<0
where A =|m! _Tp _ Ry &, +$)) ¢ _Rur =p + t=p +pt
h = ’pa_z d p2—2 2 2ep22_2(§z ¢)s P=DP,+ Dy, PL=p,+ Py,
and
(p +p ¢ )nz+1/2(p _p t )n£+1/2
anné (p27p2t2): : == ' ,2 ' 1/22 - (4.10)
[(2n,)!(2n))!]
o 1
q 1) = q + N A\ —p,u—ptvd d 411
Ow (p, pt) () (u+v) (u-v) e udv (4.11)
1-1
o 1 -1 o
()" (u=v)" e O LA
G s P, pt) = —e Pt = = Ve P P"dudv 4.12
v (Do P> DY) H Gty ( GZ e 7 (4.12)

The analytical and recurrence relations for auxiliary functions Qf, and G?,, are presented in
previous paper [50].
Carrying through calculations for the one-center functions U¢“ , analagous to those for the

P'.p2p

two-center case, we obtain the following formula:
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2" (0 —a+1+1)!

U L (0,6,.80) =  (L,)C" Ly, L) A,

{(21+1)[2(11,—6!)]'(27])}1/2](”1 nznz mym
F*(Hlfnzfné)(kz)— ’Ifl yé_(n’— )kU [O-(k(l-:'l;a (}72”2_:’?)] fOr l+1—n2 _n; S O (4.13)
o=l+1-ny,—n;
X
n'—a+l 1+1 _ ! ,
|1+ 1=n, =)~ Z,) Vo (n' —a)k] (Z:' ;L)m‘,fllzl :1\2+|1) for I+l-n,—n, <0
o= 2
where k, = i - and
6yt ¢,
< N-1 o
F o= [t Y E ey
Ox o=0 (o
‘ (4.14)
—NV! N-1 1\
_ED e S ER
(N_1)| i=1 i

For the small values of k, the function F , (k) can be calculated by the use of series expansion

relation

( l)akNJra
F (k)= Z(N TR (4.15)

For the derivation of Eq. (6.15) we have taken into account the following formula [49]:

L ~ ,XNI)CU ) )0‘
e ;) ! Z(N Do!(N+0) (4:16)

From Egs. (4.4) and (4.5), it can be seen that the three-center nuclear attraction and four-center
electron-repulsion integrals of HFR equations are expressed through the two- and three-center

overlap integrals of three STOs, respectively, for which the analytical formulas have been

established in our previous works [48, 49]. The auxiliary functions Qj, and G?,,. occurring in Eq.

(4.9) for the two-center functions U c;’ », » therefore, arising in the case of four-center electron-

repulsion integrals have been studied in recently published paper [50]. It should be noted that all
the one-, two- and three-center multicenter integras appearing in HFR equations can also be
calculated from the formulas (4.4) and (4.5). For this purpose we must calculate one- and two-
center overlap integrals of three STOs and use Egs. (4.9), (4.13), (4.14) and (4.15).

The convergence properties of the series expansion relation for three-center nuclear attraction
integral J;75,,(3.8,4.6,4.6) obtained by the use of unsymmetrical one-range addition theorems of
the Coulomb potential for & = —1are shown in tables 4.1, 4.2 and 4.3. These tables list the partial
summations in Eq. (4.4) corresponding to progressively increasing upper summations limits
denoted by N, L and M . As can be seen from tables 4.1 and 4.2, the Eq. (4.4) displays the most

rapid convergence to the numerical results with twelve digits stable as a function of summation
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limits L and M . We see that the convergence of the series with respect to L and M is rapid,
therefore, we can include only a few terms obtained from the summation over indices/ andm .
Table 4.3 shows that the accuracy of computer calculations obtained in the present algorithm is
satisfactory for N =15. Greater accuracy is attainable by the use of more terms in the expansion in
Eq. (4.4).

Carrying through calculations for the symmetrical case analogous to those for the unsymmetrical
one-range addition theorems, we obtain for the multicenter integrals of HFR equations the
following symmetrical formulas:

n—1

i
J;f?plc(é/pé’llan): Z

[ DI I AREIRON JSZ,"EIP(&,{{,H) @.17)

N—>Nyo n=l 1=0 m=-1 u=l v=0 s=-v
N'5Na
bed N n-1 | N+N-a+lu-l v
a '
lejpzp (gpé’]aé/zaé,zaﬂ)_ llmz Z Z ZZ(—I)Vqu(N,N)
NN n=l 1=0 m=—I u=l1 v=0 s=—v (4 1 8)
N' *)N

S;’,b,;,,(ép IS ey (11,6557

where p =nlm,q =uvs and

N' "
a auvs (/u a) —-a+l
B, “(N,N") = Q“ (N , N2~ 4.19
( ) ,,;_1 nn' ( )Z g/t 00,n alm/; {[Z(IU" )]'}1/2 /l/l ( ) ( )

The quantities S““and S’ occurring in Eqgs. ( 4.17) and (4.18) are the multicenter overlap
integrals of three STOs. We see from Eq. (4.17) that the multicenter one-electron integrals are
expressed through the products of STOs and multicenter overlap integrals. The two-electron
multicenter integrals, Eq. (4.18), are the function of the products of multicenter overlap integrals.

Thus, for the calculation of multicenter integrals of HFR equations obtained by the use of
symmetrical and unsymmetrical one-range addition theorems of Coulomb potential one can use the
formulae for overlap integrals, and auxiliary functions and overlap integrals, respectively.

5.2. Multicenter integrals of noniteger » STOs
The multicenter integrals over noninteger n STOs arising in HFR equations are defined as

One-electron multicenter integrals
ab,c ' * = r = 1

TGN = [ 1 Gz, (ST —d, (4.20)
1 Pi 1 1 ]/;‘l

Two-electron multicenter integrals

w6 =1 Gz, (a,fm) 2, (T2 (G T )dvdv,,  (421)

plpl Pzp
*___* (AN L T *__ ¥ (AN A T |
where p, =nlm,, py =n m;, p,=n,,m,, p, =n, ,m, and

2, (€)= Q20) T @n" + D] e S, (0, 9). (4.22)
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Here, I'(x)is the gamma function [51]. The normalized integer n STOs, Eq. (2.13), can be

obtained from Eq. (4.22) for n" = n, where n is an integer.
Taking into account Egs. (3.22) and (4.3) for the one-range addition theorems of Coulomb
potential in Egs. (4.20) and (4.21) we obtain for the one- and two-electron multicenter integrals of

noninteger n STOs the following relations:

n—1

2 DS (G4 Y G (NU (1, R,,) (4.23)

Py PiP

JU &Rl =47 im X

N—>Njax n=1 1=0 m=-1[ n'=1+1
T (GG ghm) = m>S > v s;bpp(g,g,n)z QUM (1.62.83). (4.24)
N—>Nypox n=1 =0 m=—1 n'=l+1

where U, (n,ﬁbc) is determined by Eq. (4.6) and

S (Colhm =Nz [ 1 (LT X, (G 2, (1.7 dv, (4.25)
USt . o 0,83,8) =NAT [ U F)x, - (GoFa) 2 (80, v, (4.26)

With the calculation of these integrals we use the one-center expansion formula for noninteger n

STOs in terms of integer n STOs established with the aid of complete orthonormal sets of
w* —ETOs [52]:

N
Zn*lm (é/’ F) = lim Z V,,?]]Xdanm (é,ﬂ ’7)9 (427)

NNy n=I1+1

where @ =1,0,—1,-2,... and

. LA I'(n +n —a+1
Vn*lA:zl = Z anl'(N) * ( ' ) 1/2 (4-28)
o [C2n" + )21 =20 +1)]

We notice that in the case of integer values of n” the coefficient V"‘ ,are reduced to the Kronecker

symbol, i.e
aN
Verw = 6 .0, (4.29)

Now we take into account the one-center expansion relation (4.27) in Eqgs. (4.25) and (4.26).
Then, we obtain the following expressions through the integer n integrals:

1

St Endim= lim 2, 2 an‘f’?nm VS G (430)
N:_)N: m=hL+ n|—|+
U .65,¢0= 1lim Z Z e Ve WU (1,6,43) 4.31)

Ny—>N, - ny=l+1 ny=15+1
N, »N;mx
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As can be seen from the formulas of this section obtained by the use of one-range addition
theorems of Coulomb potential, the evaluation of one- and two-electron multicenter integrals over
integer and noninteger n STOs is reduced to the calculation of integer n integrals
S S S U and U““. In order to calculate the three-center overlap integrals S“*we
should use the one-range addition theorems for STOs.

Thus, all of the integer and noninteger multicenter integrals arising in HFR equations are
evaluated by the use of one-range addition theorems for the Coulomb potential and Slater orbitals.
It should be noted that the one-range addition theorems for the STOs and Coulomb potential are
the special classes of one-range addition theorems obtained by the use of “ — ETOs which belong
to the corresponding Hilbert spaces.

Weniger is very sceptical about all addition theorems for Slater type functions with
nonintegral principal quantum number [3, p.28]. This claim can be rejected with the help of
calculation of multicenter integrals over noninteger n STOs for different values of indices « . The
results of calculation for three-center nuclear attraction integrals over noninteger n STOs, Eq.
(4.23), for various values of parameters are presented in Table 4.4. As can be seen from this table

that the accuracy of computer results for ¢ =0 and o =—1 are satisfactory.

3. TWO-CENTER OVERLAP and MULTICENTER INTEGRALS
over v*-ETOs and STOs

Overlap integrals over integer and noninteger n STOs arise not only in the HFR equations for
molecules, but are also central to the calculation of arbitrary multicenter multielectron integrals
based on the series expansion formulas obtained by the use of unsymmetrical and symmetrical one-
range addition theorems for STOs and correlated interaction potentials which necessitate to
accurately calculate the overlap integrals especially for the large quantum numbers.

1. Overlap Integrals of Integer » STOs

The two-center overlap integrals over integer » STOs with respect to lined-up coordinate

systems are defined as

A (p,t) = jZ;lm (Caa)ln'/'m (é",f;)dV 5 (5.1)

where os;tsz,m=ﬂ,p=§(g+;'),t=(g—;')/(;+g') and R=R, =7 —F,.
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We calculate the overlap integrals over integer n STOs using the analytical approach containing

well-known auxiliary functions 4, and B, and the recurrence relations for the basic overlap

integrals presented in our previous works [53] and [54, 55], respectively. These expressions are
especially useful for computation of overlap integrals on the computer for high quantum numbers,
internuclear distances and orbital exponents or vice versa.
In this section, the differences and similarities in organization of existing overlap integral
programs are discussed, and a new strategy is developed. This method is computationally simple
and numerically well behaved. On the basis of formulas obtained in papers [53-55] we constructed
a program for computation of the overlap integrals over integer n STOs using Mathematica 5.0
international mathematical software and Turbo Pascal language packages. The numerical results
demonstrate that the computational accuracy of the established formulas is not only dependent on
the efficiency of formulas, but also strongly dependent on the used program language packages.
Excellent agreement with benchmark results and stability of the technique are demonstrated. Since
the overlap integrals over integer n STOs are of considerable importance in the evaluation of
arbitrary multicenter integrals by the use of one-range addition theorems, for STOs and potential, it
is hoped that the present work will prove useful in tackling more complicated molecular integrals
appearing in the determination of various properties for molecules when the HFR approximation is
employed.
1.A. Analytical Relations in Terms of Auxiliary Functions

In Ref. [53], using the auxiliary function method for the overlap integrals have been
established the following formula:

/ ! a+p
St (p,t) =N, (1) z @ z (Z)ggﬁ(l;tal%)z F;(Ot +A4,5-2)
-A p=i =0

a=

+n'—a-f (52)
X Z En (l’l -a, l’l, - ﬂ)A:::":r;—ﬂ—m+q (p)Bm+q (pt) 4
m=0
where 4, and B, are the auxiliary functions defined by [56]
o nle” & p'
An(p)zfﬂ e Mdu=— Zp, (5.3)
1 p s=0 S-
1
B,(pt)=[v"e ™ dv =(=1)"" 4,(~pt)— 4,(pt) (5.4)
-1
and
k-1 ps
Ai(p)=p‘A(p)=nle” Y —F——  for k2n+l (5.5)

seh—ouany (s =k +n+1)!



30

In our previous paper [57], the new analytical relations have been suggested for the fast evaluation

of auxiliary functions 4, and B, .

The coefficients N, (1) andF, (N,N')occurring in Eq.(5.2) are determined by

[(1 + t)]n+l/2[(l t)]n '+1/2
N .(t)= 5.6
w0) = (2n)'(2n")! (56)
min(m,N")
F(N,NY= Y  (-1)'F, (N)F,(N"), (5.7)

1
U:E[(m—n)#—‘m—n‘)
where F (n)=n!/[m!(n—m)!] are the binomial coefficients. It should be noted that, Eq. (5.7) for

the generalized binomial coefficients with different notation D" firstly has been presented by N.
Rosen in Ref. [58].

The quantities ggﬂ(l/‘t,l’/l) in Eq.(5.2) are the expansion coefficients for a product of two
normalized Legendre functions in elliptic coordinates. The relationship for these coefficients in

terms of factorials was given in [59]. In Ref.[60], these coefficients were expressed in terms of

binomial coefficients:

ap (IA1'2) =[Z( D' F (DD }Df;%, (5.8)

i=0

where

i GNP [2z+1 Fi+n]"
-

5 ) F.() } Fopn(DF, ,(1+5). (5.9)
A
1.B. Use of Recurrence Relations for Basic Overlap Integrals
In Ref. [55], using the expansion formula for product of two spherical harmonics both with the
same center [59], the overlap integrals, Eq.(5.1), were expressed through the basic overlap

integrals:

¢ =3 Rp(+o)] [@1+1\2 Y E,, 20" +2")E,, (1+ A)F,_,(1-A)]"
s (D1 ZRpl-)"| (20" +1)21)F,, ,(2n)

Z«/2L+1CL ("A0"2)S, 100 w0 (Do), (5.10)

where C“(I'A,I"A) are the Gaunt coefficients. The basic overlap integrals S, .. =5 ,0.0

appearing in Eq.(5.10) are determined by the following recurrence relationships:
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[(2+1) (20 +2)]"
4p(1-1)

p(l—t)

[(27-1)2]

(1-1) (2n+1)(2n+2)(2n+3)(n+2)T S,nara p,t)}bl 1

2 ’ ' '—Sn,n”—z pbt s 5.11
4p[(1+t)] i (27'=1)n r2(P1), (5.11)

where n > 1,n">1"+1,1'">1, -1 < ¢ <1 andthe coefficients ¢, and 5, are determined by

Sn,n'l' (p9 t) = _al'—l \ Sn,n’—ll'—l (p9 t) I Sn,n'+ll'—l (p9 t)

1 2 I (20+3)"
a,=——I|QI+1)(2]+3 , b=— . 5.12
l 1+1[( @1+3)] l 1+1(21—1j G-12)

The recurrence relations (5.11) allow us to express S§,,, in terms of the integrals

S, =3S00.00 forthe calculation of which one can use the following recurrence relations:

for n>0,n">0and =0
1 !

S,mf(PJ):;{ ﬁ(lﬂ){%w(lﬂﬁ)— %&w(%ﬂ} ﬁ(l—f)2

—1 -p(1-¢ —p(1+¢
x |:Sn,n'1 (p’t)_ hSn,n'Z (p’t):| + nnn'(p’t)[é‘noe p(l ) - 5/:’06 p(l )]} » (5 13)

for >0andr=0

i 1 1)712
| n 2(2n' +1) ~
5 09)= | 5| S 008 P2 o), 514

for 1<n<n and¢t=0

S L P 2 )

2n—1)n' +1 2n—1)2n-3)n'+1

AV
+ {m} S, (p,0). (5.15)

Here,

n+% _ n'+%
() = 2p(+2)]"2[2p(1 f)] | (5.16)
4p?[2n)12n))>
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With the aid of recurrence relations (5.11), (5.13), (5.14) and (5.15) the basic overlap integrals

S ,n,,,(p,t) can be expressed in terms of the functions S,,(p,¢) and S,,(p,0) for the calculation of

n

which we can use the following analytical formulas:

Seo(pst) = %7700 (pot)fe 00 e} (5.17)

Sw(p0)=e. (5.18)

By the use of calculations we can answer to the following Weniger’s comment: “Moreover,
Guseinov should know that an observed agreement of different floating point computations up to a
certain number of digits does not necessarily prove anything (see for example [61]) " [3, p.23]. On
the basis of Egs.(5.2) and (5.10), obtained in our papers [53-55], we constructed the programs
which were performed in the Mathematica 5.0 international mathematical software and Turbo
Pascal 7.0 language packages. The computational results of overlap integrals by the use of Turbo
Pascal 7.0 language package program have been examined in our published papers [53-55]. The
Barnett’s data [61] and results of our calculation using Mathematica 5.0 international mathematical
software and Turbo Pascal 7.0 language packages for various values of parameters are represented
in Table 5.1. Barnett’s data are reproduced by using our scheme with Mathematica while we get
different results using the same scheme with Turbo Pascal. Thus, in this paper we show that the
discrepancies can be arisen in the case of different programming environments. We note that, the
difference between the numerical results of Eqs.(5.2) and (5.10) arise only after forty fifth digits. It
should be noted that for the comparison of the accuracy of computer results obtained from the
formulas of overlap integrals, one should use the same program language packages.

It is well known from the expert of this field that the problems occur in the evaluation of
overlap integrals are as follow: small internuclear distances and small orbital exponents, and high
internuclear distances and high orbital exponents. The results of calculation in these cases are
given in Table 5.2. As is clear from our tests that the recurrence and analytical formulas presented
in this study are useful tool for exact evaluation of the overlap integrals with arbitrary values of
quantum numbers, internuclear distances and orbital parameters. Thus, our program calculates the

overlap integrals over STOs with arbitrary quantum numbers (n,/,n’,I', 1) and variables (p,t).
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2. Overlap Integrals of Noninteger » STOs
The overlap integrals over noninteger n STOs are defined as
S”*lms n"l'm (é,’ éd’ ﬁ) - J.Z:*lm (g’ ’_il )Zn'*l'm (él,’ 77;’ )dV : (5' 19)

With the calculation of these integrals we use Eq. (4.27) in (5.19). Then, we obtain the series

expansion relation in terms of overlap integrals with integer n STOs:

N N'
Sn*lm, n"l'm (p’t) = th Z z anfl,anI/ng’f’?’/,n'l’Snlm, n'l'm (p’ ZL) s (520)
N"’N]:f:x n=l+1n'=I'+1
R e
where P= E (é/ i é/’)’ ‘- g + g, ’ SVl*lm, n"*lI'm (p’ t) = Sn*lm, n"I'm (é/’ é/” R)

and S,y (Ps1) = S irn (§:¢"1R).

For the calculation of overlap integrals over integer n STOs, we can use the analytical
formulas and sets of recurrence relations presented in sections (5.1A) and (5.1B). This algorithm is
especially useful for the computation of overlap integrals for large quantum numbers of integer n
STOs appearing in the series expansion formulas for the multicenter molecular integrals obtained
by the use of one-range addition theorems. The overlap integrals with noninteger n STOs, Egs.
(5.20), can be calculated by the use of our computer programs for the overlap integrals over integer
n STOs .

Thus, we proposed a new technique for the efficient computation of overlap integrals with

noninteger n" STOs, based on the usage of complete orthonormal sets of W“-ETOs. An analysis
of the numerical aspects and several numerical tests confirmed that the convergence and the
numerical stability of the relevant formulas are guaranteed. Besides having an excellent
convergence rate, the proposed method is perfectly general, valid for arbitrary values of quantum
numbers, screening constants and internuclear distances. On the basis of formulae (5.20) we
constructed a program for the computation of overlap integrals over noninteger n STOs using
Turbo Pascal 7.0 language and Mathematica 5.0 international mathematical software. One can
determine the accuracy of computer results obtained in this work for the overlap integrals over
noninteger n STOs using different sets of W“-ETOs. The examples of computer calculation are
shown in Table 5.3. As can be seen from Table 4 that the calculated values of overlap integrals
over noninteger n STOs for o =1,0,—1 show a good rate of convergence with the literature for the
arbitrary values of parameters. Greater accuracy is attainable by the use of more terms in the series
expansion formula (5.20). The better accuracies can be obtained, if required, by the use of large

number of summation terms.
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Table 5.4 lists the partial summations corresponding to progressively increasing upper
summation limits of Eq. (5.20) for N = N'. We see from this table that the Eq. (5.20) displays the
most rapid convergence to the numerical results with eleven digits stable and correct by the 17th terms

in the infinite summations.

4.UNIFIED TREATMENT of COMPLETE ORTHONORMAL
SETS for EXPONENTIAL TYPE VECTOR ORBITALS of
PARTICLES WITH SPIN 1 in COORDINATE, MOMENTUM
and FOUR-DIMENSIONAL SPACES
J.Math.Chem.(Online)

Abstract
The new formulas are obtained for complete orthonormal sets of exponential type vector orbitals of

a particle with spin 1 in coordinate, momentum and four-dimensional spaces using the properties
of spherical vectors and complete orthonormal scalar basis sets of y“ -exponential type orbitals
(w* -ETO), ¢“-momentum space orbitals (¢“-MSO) and z” -hyperspherical harmonics (z* -HSH)
introduced by the author for particles with spin s=0, where a=1,0,-1,-2,... These vector
orbitals are complete without the inclusion of the continuum and, therefore, their group of
transformation is the four-dimensional rotation group of O(4). For overlap integrals over vector
Slater orbitals with the same screening constant the analytical relations in coordinate space are also
derived. It should be noted that the new idea presented in this study is the combination of spherical
vectors with complete orthonormal scalar sets for radial parts of “ -, ¢“ -, z* - orbitals.
Key Words: Spherical vector, Exponential type vector orbitals, Overlap integral
1. Introduction

It is well known that the Schrodinger’s hydrogen-like orbitals and their extensions to momentum
and four-dimensional spaces by Fock [1,2] are awkward to use as basis because they are not
complete unless the continuum is included. Hylleraas, Shull and Lowdin in Refs. [3-6] introduced
the so-called Lambda and Coulomb Sturmian functions which are complete and orthonormal basis

sets for the particles with spin s=0 in coordinate space. These functions later were used extensively
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by Filter, Steinborn [7] and Weniger [8]. The method for constructing relativistic Coulomb
Sturmian basis set has been developed and discussed by Avery and Antonsen [9]. Recently, in Refs
[10-12] we suggested in coordinate, momentum and four-dimensional spaces the scalar basis sets
of w“-ETO, ¢“-MSO and z”-HSH for particles with spin s =0 which are complete without the
inclusion of the continuum, where « =1,0,—1,-2,.... In the present work, we obtain a large number
of new different complete and orthonormal sets for vector wave functions, and vector Slater
orbitals in coordinate, momentum and four-dimensional spaces using complete orthonormal scalar
basis sets of w* -ETO, ¢“-MSO and z“-HSH functions. It should be noted that the Lambda and
Coulomb Sturmian functions introduced by Hylleraas, Shull and Lowdin are the special classes of
v -ETO for ¢ =0anda =1, respectively (see Ref. [10]).
2. Spherical vectors and vector wave functions

For the derivation of relations for complete orthonormal sets of vector wave functions of a
particle with spin s=1 in coordinate, momentum and four-dimensional spaces we use the

following eigenvalue equations of spherical vectors (see Sec. 7.3. of Ref. [13]):

)Y (0.0) = j(j+1)Y,, (6,9) (1)
J.Y), (0.0)=mY,, (6,9) )
I*Y;, (0,9) =1 +1)Y;, (0.0) (3)
§'Y,, (6,9)=2Y,, (6,9), )

Here, [ -orbital angular momentum operator, §-spin operator for s=I, }zi +§ -total angular
momentum operator. The spherical vectors Y/ (8,) are expressed through the products of scalar

jm;

spherical harmonics ¥, (6,¢) and basis spin functions u,, ,1.e.,

Y/lm, (0, (0) = Z (Zlmlms ‘Zl]ml)Y;m, (‘99 ¢)ulm5 ? (5)

my,mg

where (/1mm|l1jm;) are the Clebsch-Gordan coefficients, m, =m, —m, and (see Sec. 6.1. of Ref.

N

[13]):
1 0 0

u, =0 ,u,=|1]u_,=[0] (6)
0 0 1

The complete sets of scalar spherical harmonics, basis spin functions and spherical vectors

satisfy the following orthonormality relations:
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r2r

00

ot = ®)
r2r .

[]Y5 @0, (6.0)Sin0d6d0=5,5,,,5,. o)
00 / / E ™

We notice that the spherical vectors are not eigenfunctions of the operators Z; ands_, i.e., the
quantum numbers m, and m_ cannot be used to characterize them. This is important in derivation

of relations for the complete orthonormal sets of vector wave functions in coordinate, momentum
and four-dimensional spaces.

Taking into account Egs. (6) for the basis spin functions u,, in (5) we can express the spherical

vectors Y (0, ) only through the scalar spherical harmonics Y, (6,9),1ec.,

Jm;
aj’”/‘ (O)YlmI(O) (99 ¢)
Y., 0.0)=| d\, (DY, . (©0.0) |, "o
aj’m,- (2)Ylm,(2) 0,9)
where m (1)=m, -1+ 1,0<41<2 and
i =t 1= a

Now we move on to the derivation of vector wave functions. For this purpose we introduce the

following complete and orthonormal sets of functions:

Yo, (F) = R, (1), (0,0) (12)
These functions are complete and orthonormal with respect to an integration over the whole 3-
dimensional space R’ in a suitable Hilbert space of functions F(#) by forming products of the

(surface) spherical harmonics Y, (6,¢), which are complete and orthonormal with respect to an

integration over the surface of the unit sphere in R*, and the radial functions R (r), which are

complete and orthonormal with respect to an integration over the positive semiaxis 0 <7 <oo in a
suitable Hilbert space of radial functions f(r).
It is obviously possible to expand a function F'(7) belonging to a suitable Hilbert space in terms

of the complete and orthonormal functions v, (#) which are determined by Eq. (12):

F(#)= 2 Coip Wi, (F) (13)

nim;
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Coipy = [V FYF(F)F. (14)

As long as the w,,  are complete and orthonormal set of functions, the convergence of expansion

nim

(13) is guaranteed. Thus, the functions constructed by the product of complete and

nim;

orthonormal functions R

(1) and Y, (6,9) also are the complete orthonormal functions in a
suitable space of the radial functions and the (surface) spherical harmonics.
In this way, one can construct the vector wave functions. For this purpose, we multiply the scalar

components of the spherical vectors by the complete orthonormal radial functions R (7). Then, we
obtain the following complete orthonormal set of vector wave functions:
Vi (F) = R, ()Y, (6,0)
d,, (W, (r.0.0) "
=\ d\, OV, (.0.9)
@5 QW 1, (7,6, 0)
The vector wave functions also satisfy the orthonormality relation, i.e.,:
[V GW sy FYAF = 5,86, .y (16)
3. Complete orthonormal sets of exponential type vector orbitals
For the derivation of relations for the complete orthonormal sets of vector orbitals in

coordinate, momentum and four-dimensional spaces we use the properties of spherical vectors (see
Sec. 7.3. of Ref. [13]) and scalar basis sets of w“-ETO, ¢“-MSO, z“ -HSH functions presented in
[10-12]. Then, we obtain the following results:

for vector WY“-ETO (¥*-VETO) in coordinate space

aj'mj (O)I//Zm, 0) (él’ ’_;)
‘{lzlm/ (é/’ 7_/:) = aj'm/ (I)W}Zml (1) (é/ﬁ ’_;) (173)
@i, W i, 2§57

a;mj (O)W)an, 0) (é/i ’7:)
Wi (&) =], DT, 0 ($5F) | (17b)
aj'm/- (2)V7an,(2) (é/ﬁ 17)

for vector ®“-MSO (®“-VMSO) in momentum space
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ajmj (0)¢r3m, (0) (é/’ lg)
®5, ($.K) = a), (), (&.K) (18a)
@i, i ()

a0V, o) (&5
®, (£.k)=| a, g, (&K
aj’m,- (2)%5;:,(2) (é,a E)

(18b)

-

for vector Z“-HSH (Z*-VHSH) in four-dimensional space

aj'mj (O)Z:/m,(O) (&, Bop)
zg, (. BOp) =| d), Dz, 1 (£, BOp) (192)
aAl;mj (2)251%(2) (&, BOp)

(O)anm,(O)(g’ BOp)
72 (£, B0p) =| ', (Vs (£ 500) | (19b)
Qjpm, (2) Ztm, (2)(5’/3&0)

Here, the coefficients aj.m/ (A)are determined by Eq. (11) and
nzlL,1<j<n, —j<m, <j,j—-1</<min(j+1,n-1).

The functionsy,, s, » B > B, »Zam, and Z, occurring on the right-hand side of Egs.

nim, Imy > < nim,
(17a)- (19b) are the complete orthonormal sets of orbitals for particles with spin s=0 in
coordinate, momentum and four-dimensional spaces.
The vector wave functions ¥, ®“ and Z* are orthonormal with respect to the ¥, ®“ and Z*,

respectively, i.e.,

[92, (&P, (AT =6,58,5,,6, 20)

nn'™ it mm’;

[®5, .05, (& 5)d'k=36,5,0, .5, @1)

nn _]] m Wl

J‘ZZ;I; (é” ﬂgw)zll:jl:mj’ (é/o ﬂew)dg(§7 ﬂ9¢) = 5nn'5jj'5mjmj'. é‘ll' . (22)
4. Vector Slater orbitals
Carrying through the calculations for vector Slater orbitals analogous to those for the vector

wave functions, we obtain the following relations through the scalar Slater orbitals:

for vector X -STO (X -VSTO) in coordinate space
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aj‘mj (O)Inlm,(O) (4/5 ’7)

Xiljmj (4/9 7_/:) = aj'mj (l)lnlml(l) (4/7 ’7) b (23)
aAljm/ (2)anm[(2) (4/7 ]_;)

for vector U-MSO (U-VMSO) in momentum space

', (0t 0, ()
Uy (&) =| alyy Dty 1) (EK) |, (24)
@, (2t 2)($ k)
for vector V-HSH (V-VHSH) in four-dimensional space
d, (09,0, (C. POp)
Vom, (&, 800) = | a;,, (DV,,,,(S. BOP) |, (25)
dy (2V,1,,(C . SOD)

See Ref. [12] for the exact definition of Slater orbitals y,,, ,u

nim;

and v, —in coordinate,

momentum and four-dimensional spaces occurring on the right-hide side of Egs. (23) — (25).
The vector Slater orbitals determined by relations (23), (24) and (25) are orthogonal with respect

to the quantum numbers j, m, and/, i.e.,

I+ o/ . (n+n)!

[ X, ()X (€PN = [ty 7 5 OO (26)
" N7l o g (n+n)!

[U, (€U, (& 6)d'k = () ) 7 O 27)
I r B (n+n)

[V, (& BOR S,y (&, BORYAQAS , Op) = G OO 28)

5. Evaluation of overlap integrals over vector STO in coordinate space
As an example of application, we evaluate the two-center overlap integrals over vector Slater

orbitals with the same screening parameters in coordinate space defined by
St s (@)= [ X, (£ X, (G F=R)dF (29)
where 7 =7, 7 ~R=7,, R=R, and G=2(R.

Now we take into account Eq. (23) in (29). Then, we obtain for integrals (29) the following

relation in terms of overlap integrals over y -STO:

i ~ i ~ i ~ '
Sn_/'mj,n_’/"mj'» (G) = ajm,j’mj'» (O)Snlm,(O),n'l'm,’(O) (G) + ajm/j’mj'» (l)snlm,(l),n’l’m,'(l) (G) + ajmjj'm’/ (2)Snlm,(2),n'l'm,'(2) ’(30)
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where a}, ., (4) =4, (A, () and s (G)= [ 23 (€ F) Xy (& F =BT

nlmy ,n'l'm;
(31
In order to evaluate the overlap integrals over scalar STO, Eq. (31), we use the following

expressions for STO in terms of complete orthonormal sets of “ - and “ -ETOs:

2o (G =Y @y (£F) (32a)
{2+ VY S @, ) 17, (7). (32b)

See Ref. [10] for the exact definition of coefficients @* . Then, we obtain:

n+a n'

s (@) =1{2(n+a)]V2n)}? > > (@, () 1agh.s (G), (33)

nlmy ,n'l'm; Pt wdmy ' I'my
where ¢ =1,0,-1,-2, ... and
S it (G) = [0, (W, (& F =R (34)
The analytical relations for the determination of integral (34) are available in Ref. [12].
The values overlap integrals over vector Slater orbitals with the same screening parameters

obtained from the different complete sets of w”-ETO (a=1,0,—1) using Mathematica 5.0

international mathematical software are presented in table 1. As can be seen from the table that the
presented in this work approach for a particle with spin 1 guarantees a highly accurate calculation
of the X -VSTO overlap integrals.

It should be noted that the overlap integrals over vector STO with the same screening parameters
play a significant role in the calculation of arbitrary multicenter integrals arising in coordinate,

momentum and four-dimensional spaces. Thus, in the evaluation of multicenter integrals over
vector orbitals for a particle with spin 1 the relations for the two-center overlap integrals over w* -
ETO, ¢“-MSO, z?-HSH and y-STO also can be used. For this purpose, one has to use the
expansion and one-range addition theorems for scalar basis sets of w“ -ETO, ¢“-MSO, z“-HSH

and y -STO presented in our previous papers.
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Tablel. The values of overlap integrals over X -VSTO obtained from the different complete sets of “ -ETO in molecular coordinate system

n i m, 1o j' m'] 'l e @ G=2CR Egs. (30) and (33)
‘ a=1 a=0 a=-1

3 1 0 [0 2 1 0 [0 O 0 100 2.7703550866E-16 | 2.7703550866E-16 | 2.7703550866E-16
5 3 2 2 4 2 2 2 0 0 120 1.3671541011E-17 1.3671541011E-17 1.3671541011E-17
6 4 3 (4| 7 4 3 141 0 0 70 6.1423669728E-07 | 6.1423669728E-07 | 6.1423669728E-07
8 7 5 16| 8 5 5 /6| 0 0 80 1.3572606274E-08 | 1.3572606274E-08 | 1.3572606274E-08
9 6 4 |71 6 4 4 141 0 0 40 -4.9503929717E-04 | -4.9503929717E-04 | -4.9503929717E-04
1| 8 6 |9 7 6 |9 0 0 60 1.1296567011E-05 | 1.1296567011E-05 | 1.1296567011E-05
3 2 1 1 2 1 0 | 0| n8 |2m/3 50 -1.5925219197E-07 | -1.5925219197E-07 | -1.5925219197E-07
5 4 3 3] 5 2 1 1 | 2n/5| 5n/3 60 4.1403685342E-06 | 4.1403685342E-06 | 4.1403685342E-06
7 6 3 15 5 1 | 4| n/4 T 30 2.3106531352E-04 | 2.3106531352E-04 | 2.3106531352E-04
9 8 3 7 7 7 6 |4n/5| w/7 100 1.4852955548E-09 1.4852955548E-09 1.4852955548E-09
1| 8 5 |7 9 9 | 8| n/8 | 9/7 90 1.8690202487E-09 | 1.8690202487E-09 | 1.8690202487E-09

10 8 |9 11 11 | 10| 57/6 | 57/6 120 8.2938717076E-12 | 8.2938717076E-12 | 8.2938717076E-12
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5. UNIFIED TREATMENT of COMPLETE ORTHONORMAL
SETS for WAVE FUNCTIONS, and SLATER ORBITALS of
PARTICLES with ARBITRARY SPIN in COORDINATE,
MOMENTUM and FOUR-DIMENSIONAL SPACES

(PHYSICS LETTERS A (Online))

Abstract
The new analytical relations of complete orthonormal sets for the tensor wave functions and the
tensor Slater orbitals of particles with arbitrary spin in coordinate, momentum and four-

dimensional spaces are derived using the properties of tensor spherical harmonics and complete
orthonormal scalar basis sets of “ -exponential type orbitals, ¢”-momentum space orbitals and
z“ -hyperspherical harmonics introduced by the author for particles with spin s =0, where the
a=1,0,-1,-2,... All of the tensor wave functions obtained are complete without the inclusion of
the continuum and, therefore, their group of transformations is the four-dimensional rotation

groupO(4). The analytical formulas in coordinate space are also derived for the overlap
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integrals over tensor Slater orbitals with the same screening constant. We notice that the new

idea presented in this work is the combination of tensor spherical harmonics of rank s with
complete orthonormal scalar sets for radial parts of w“-, ¢“- and z“- orbitals, where

S=l,1,§,2,...
2 2

Key Words: Tensor spherical harmonic, Tensor wave function, Slater orbital, Overlap integral
1. Introduction

In atomic and molecular electronic structure calculations it is quite common to introduce the
complete and orthonormal function sets for particles with arbitrary spin s in coordinate,
momentum and four-dimensional spaces. The examples of complete and orthonormal functions
for the particles with spin s=0 in coordinate space are the so-called Lambda and Coulomb
Sturmian functions introduced by Hylleraas, Shull and Léwdin in Refs. [1-3] and [4],
respectively. These functions later were used extensively by Filter, Steinborn [5] and Weniger
[6]. Coulomb Sturmians-or rather their three-dimensional Fourier transforms- occur also in
Fock’s treatment of the hydrogen atom [7], albeit in a somewhat disguised form. Weniger [6] has
shown that the Coulomb Sturmians are complete and orthonormal in Sobolev space. It should be
noted that the eigenfunctions of the Schrodinger equation for the hydrogen-like atom and their
extensions to momentum and four-dimensional spaces by Fock[7,8] are not complete unless the
continuum is included.

The relativistic one-electron Coulomb Sturmian wave functions have been developed and
discussed by Avery and Antonsen [9]. Recently, in Refs. [10-12] we have developed method for
constructing complete orthonormal scalar basis sets of one-electron wave functions for the
particles with spins =0 in coordinate, momentum and four-dimensional spaces. In this paper, we
obtain a large number of the new different complete and orthonormal sets for the particles with

arbitrary spin in coordinate, momentum and four-dimensional spaces using complete

orthonormal sets of y“-exponential type orbitals (y* —ETO), ¢“-momentum space orbitals

(¢” —MSO) and z” -hyperspherical harmonics (z“ — HSH ) introduced in our above-mentioned
works for s=0, where a=1,0,—1,-2,... It should be noted that the Lambda and Coulomb

Sturmian functions introduced by Hylleraas, Shull and Lowdin for s =0 in coordinate space are

1 —

special cases of the y“ —ETO for ¢ =0 and a =1, ie., y,, =A wimy =W, » Where

nlm, nlm;

and

A,, and y,, —arethe Lambda and Coulomb-Sturmians, respectively.
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2. Tensor spherical harmonics
In order to derive the formulas for the complete orthonormal sets of tensor wave functions of

rank s, wheres =0,1/2,1,3/2,2,..., in coordinate, momentum and four-dimensional spaces we

use the following eigenvalue equations of tensor spherical harmonics (see Sec. 7.1. of Ref.[13]):

7Y, (0,0)=j(j+1)Y,, (6,9) (1)
1Y (0.0)=mY5 (0.9) )
I*Y;, (0.9)=1(1+1)Y;, (0.9) (3)
$’Y,, (0.9)=s(s+1)Y,, (0.9). 4)

As can be seen from Egs. (1)-(4) that the tensor spherical harmonics Y]’,; defined by

v (0.0)= X lsmm,

mymg

Is jm))Y,, (6,p)u,, )

are the eigenfunctions of j2, jz , 17 and §* where [ denotes the orbital angular momentum
operator, § the spin operator, and ] = [+5.

Here, (Ismm,

Isjm;) and u,, are the Clebsch-Gordan coefficients and basis spin functions,

respectively, wherem, =m; —m_. The complete sets of basis spin functions u,, are determined

by (see Sec. 6.1. in Ref. [13])

1 0 0
0 1 0
e O I 7 R I O e T (6)
0 0 0
0 0 1

The scalar spherical harmonics Y, (6,¢) and basis spin functions u,, occurring in Eq. (5)

satisfy the following orthonormality relations:

2

I Yl:n[ (05 (o)Yl’m[’ (05 (0) Sil’l Hdedqﬂ = 5”,57"1”1[ (7)
0

S B

usmxusm:' = é;;zsrns' : (8)
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The tensor spherical harmonics Y”

jm;

(6’,(/)) for fixed s constructed from the angular momentum

coupling of scalar spherical harmonics and spin functions also satisfy the orthogonality

relationship, i.e.,
2z

[ Y0 0.0)Y}), (6,0)sin6d0dp =55, ,,5, . ®
0

Jm i B ym

S =y

It follows from Eq. (5) that the tensor spherical harmonics are not eigenfunctions of the

~

operators /. ands_, i.e., the magnetic quantum numbers m, and m, cannot be used to

characterize them. This is important in construction of complete orthonormal sets of tensor wave
functions of rank s in coordinate, momentum and four-dimensional spaces.
3. Tensor wave functions

For the construction of complete orthonormal sets of tensor wave functions in coordinate,
momentum and four-dimensional spaces for particles with arbitrary spin we take into account

Eqs. (6) for the basis spin functions u,, in (5). Then, the tensor spherical harmonics Y/’}; 6,9)

can be expressed only through the scalar spherical harmonics ¥, (6,¢):

ajinj (0)Y,,. 0 @,p)
a;, Y, ,(0,0)
Y, (0.9)= : ’ o
aj‘i"f (25 =Y, 251)(6,9)
a5, (29),,,2,)(0,)

wherem (A1) =m, —s+ A, 0<A<2s and

a;, (A) = (lsm(A)s = Allsjm,). (11)
Now we introduce function sets

Vo (F) = R, (MY, (0,0) (12)

which are complete and orthonormal with respect to an integration over the whole three-

dimensional real space, i.e., they belong to the Hilbert space L*(R’). Then, any function

F(7)e L’(R’) can be expanded in terms of functions Wi, (F)

F#)=2,Ci W, (P, (13)

nim;

Coipy = [V FYF(F)F. (14)
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The convergence of expansion (13) is guaranteed as long as the functions ¥, are complete

nim;

and orthonormal in L*(R’). Thus, the w  obtained from the product of complete and

nim;

orthonormal radial functions R, (r) and Y, (6,¢) also are the complete orthonormal functions in

a suitable Hilbert space of the radial functions and the (surface) spherical harmonics.

It is obviously possible to multiply the scalar components of the tensor spherical harmonics by
the same complete orthonormal radial functions R , (7). Then, we obtain the following complete
orthonormal sets of tensor wave functions:

s, (OW ) (F)
as, (D0, ()
¥, (F) =R, (MY, (6,0)= : : (15)
a5, (28 =D, 251, (F)
as, 25W, 00y (F)

The tensor wave functions determined by (15) also satisfy the orthonormality relationship:

j\}ﬂs FWYE, () F=6,5.05, .5 (16)

njm; n'j m nn'" jj m; m
In order to derive the formulas for complete orthonormal sets of tensor wave functions of rank
s, where s=1/2,1,3/2,2,..., in coordinate, momentum and four-dimensional spaces we take in (15)

into account the radial parts of complete orthonormal scalar basis sets of functions w*“ — ETO ,

¢“ —MSO and z” — HSH presented in previous paper [12]. Then, we obtain:

as, (W, 0 (E-7)
aj'inj (I)V/Zm,a)(é ’7)
for tensors W “-ETO (¥ “ -TETO) in coordinate space W% (£,7) = (17a)

njm;;
jm (2S l)l//nlm,(lv 1)(5 7')
jm (2S)Wnlm[(23)(é/ r)

@, (OW 0,0/ ()
@, (D70 (S57)
Y, (6.F) = s , (17b)
ji,, (29D (€27)
o, QW 204 F)

for tensors @ “-MSO (®“-TMSO) in momentum space



a5, (005, o (&-F)
as, (D0 (&5F)
5 (§,k) = :
a5, (25 =) 051 (£ 5K)
a5, (29)85, 00 (S )

a5, 0V, (&5 F)
dp, VB0, (€K)
oo (£h)= :
a;, (2=, 0, 1) (E )
a5, 25)i 0 (5K

47

for tensors Z“-HSH(Z“-THSH) in four-dimensional space

afmj (I)ZZlm,(l) (&, Bop)
22 (¢ Bop) - :

aj'smj (I)Enol[m,(l) (é/’ ﬂ‘9¢)
Zo (& BOp) = :

wheren>1, s<j<s+n-1,—-j<m;<jand j—s</<min(j+s,n-1).

a?m, (O)sz,(O)(g’ﬂ9¢)

as, (25 =1)z,, 0,1,(& > BOD)
a.iiw,» (2S)Z:/m, 29 (&5 BOp)

aj‘inj (O)Zf;m, (0) (&, BOp)

ab, (25 =1)Z5, 0,1, (&> BOD)
a;, (29)Z5,, 20 (& BOP)

(18a)

(18b)

(19a)

(19b)

See Ref. [12] for the exact definition of complete scalar basis sets of orbitalsy,y“, ¢“,

¢“,z"and z“occurring on the right-hand side of Eqgs. (17a)-(19b). Using the relation

Jm;

ap, (0)=(10m,0

10 f’";) =6,0,, We can show that these orbitals are the complete orthonormal sets
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of wave functions for particles with spin s =0 in coordinate, momentum and four-dimensional
spaces, i.e., w* =V, y* =P*, ¢ =", ¢* =D*, z" =Z" and z° = Z* for s=0.
The tensor wave functions ¥** ,®** and Z““ are orthonormal with respect to the ¥** , ®“*

and Z“" for fixed s and o, i.e.,

[®on (&AW, (CF)dF =8,:5,8, .6, (20)
oo (.o, (& Bk =5,,5,8, .5, @1

[Z2 " (5. O 22, (S BOPYAQUS . OP) = 5,05,5,,,4 5, 22)

4. Tensor Slater orbitals
Carrying through the calculations for the tensor Slater orbitals analogous to those for the
tensor wave functions we obtain:

for tensors X -STO ( X -TSTO) in coordinate space
a5 (0) X1, 0)(C7)
ajin_, (I)anm,(l) (47 ’7)
Is .
Xym, (&57)= : , (23)
jm (2S 1)anm,(2€ 1)(4 I")
/'mj (2S)/1/nlm,(2s)(é/’r)
for tensors U -MSO (U -TMSO) in momentum space
), (O, 0 (&)
1m ( ) nlm,(l)(é/ k)
Is 7
Ui, (62 K) = : : (24)
/m (2S l)unlm,(Zv 1) (é/ k)
ajmj (ZS)unlml(Zs) (g’ k)

for tensors ¥ -HSH (¥ —THSH ) in four dimensional space

@, (0)V,1,0) (&5 BOP)
D, o (DY, nzm,a)(éf BOp)
Vi, (& BOP)= : (25)
a;, (2s —l)vnzm,(zsfl)(i , BOp)
fm (28)V i 2) (& BOP)
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The functions y

wim, > U, @0d v, occurring on the right-hand side of Egs. (23), (24) and (25)
are the Slater orbitals for particles with spin s=0 in coordinate, momentum and four-
dimensional spaces, respectively, i.e., y =X, u=U and v =V for s=0.

The tensor Slater orbitals determined by Eqs.(23), (24) and (25) are orthogonal with respect to

the quantum numbers j, m, and /, i.e.,

()

Ko, PR (G I = S B (26)
Is I's N 3T (n+n)!

J-Unjm él k)Unj m (é,ﬂ k)d k - [(2]’1) '(2}1’) !]1/2 jj'5n1jm} 511' (27)
Is* I's _ (l’l + n’)'

[V (€. P00, (€. 00NN PO == S5, 6, 28)

5. Evaluation of overlap integrals over tensor STO in coordinate space
Now we evaluate, as an example of application, the two-center overlap integrals over tensor

Slater orbitals with the same screening parameters defined in coordinate space by

St e (G) = [ X050 (&)X, (6 F = R)F (29)

where7# =7, Fi—~R=7,, R=R, and G=2¢R. In order to evaluate this integral we take into
account Eq. (23) in (29). Then, we obtain the following relation in terms of overlap integrals over

7 -STO:

Sht (G) an’ (O)Snlm,(O)nlm (0)(G)+al”s (l)snlm,(l)nlm(l)(G)+

njm; njm jm; jm Jjm jm

(30)
m+a§"’j/"’dm'/ (25_1)S”/m1(25'“)ﬂ""'m2(2~" ])(G)+aiml ' (2S)Sn/m,(2s),n'/'m}(25)(G) s
where a’;m“jm A= ajjn (ﬂ)a“ (,1) and
S (O = [ 20 C P 7, (CF = R)IF. 31)

For the evaluation of integral (31) we utilize the following expressions for y -STO in terms of

complete sets of w” - and “ -ETO:

2o ()= @y (F) (32a)
— (201 + )]V "Z'f a1 7% (7). (32b)

See Ref. [10] for the exact definition of coefficients @*. Taking into account Egs. (32a) and
(32b) in (31) we obtain:
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n+a n'

s (G)= {2+ )]V} > > (@7, (2w 1@k (G), (33)

Imy ,n'l' n'/l' Imy 'l '
e p=l+1 ' =1'+1 A AT
where a =1,0,—-1,-2,... and

5% ()= [T, (C W g (€T = RYF. (34)
For the calculation of this integral one can use the analytical relations presented in Ref. [12].

The results of calculation in atomic units for the overlap integrals over tensor Slater orbitals
with the same screening parameters for s=1/2, s=1 and s=3/2using Mathematica 5.0
international mathematical software which are obtained by the use of different complete sets
(ax=1,0,—1) are given in tables 1,2 and 3. We see that the presented in this work approach
guarantees a highly accurate calculation of the X —7STO overlap integrals.

We notice that the overlap integrals with the same screening parameters play a significant role
in the calculation of arbitrary multicenter integrals arising in coordinate, momentum and four-
dimensional spaces. Thus, the relations for the two center overlap integrals

overy” —ETO ,¢* —MSO, z“ — HSH and y —STO for the particles with spin s =0 can be used

in evaluation of multicenter integrals over corresponding tensor orbitals for the particles with

arbitrary spin. For this purpose, one has to use the expansion and one-range addition theorems for
scalar basis sets ofy” — ETO ,¢* — MSO ,z* — HSH and y—STO functions which are available

in our previous papers.



Table 1. The values of overlap integrals over X-TSTO for s=1/2 obtained from the different complete sets of w“-ETO in molecular

coordinate system
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" ] mj / n' j’ m; /' 0 0 G2k Eqgs. (30) and (33)
a=1 a=0 a=-1

3 12 172 0 2 172 172 0 0 0 50 7.1275718501E-07 7.1275718501E-07 7.1275718501E-07
6 72 5/2 4 4 5/2 5/2 2 0 0 30 -8.8780952986E-03 -8.8780952986E-03 -8.8780952986E-03
7 9/2 7/2 4 6 7/2 7/2 4 0 0 60 2.2247734843E-06 2.2247734843E-06 2.2247734843E-06
8 52 32 3 6 7/2 3/2 4 0 0 40 -1.5538996817E-03 -1.5538996817E-03 -1.5538996817E-03
10 | 132 | 112 6 8 | 11/2 | 112 5 0 0 80 2.1034973256E-08 2.1034973256E-08 2.1034973256E-08
12 | 1922 | 172 10 | 12| 172 | 1772 9 0 0 100 -4.0269693887E-08 -4.0269693887E-08 -4.0269693887E-08
3 32 172 1 2 172 172 0 /6 n/3 50 8.3229206441E-07 8.3229206441E-07 8.3229206441E-07
4 32 -1/2 2 3 172 -172 1 2m/3 3n/2 40 3.7886261076E-04 3.7886261076E-04 3.7886261076E-04
6 72 5/2 3 5 5/2 -3/2 2 n/5 2n/7 60 -2.1379605958E-06 -2.1379605958E-06 -2.1379605958E-06
8 9/2 32 5 8 72 5/2 4 /3 3n/8 20 -5.7251053173E-02 -5.7251053173E-02 -5.7251053173E-02
10 | 1322 | 912 7 9 | 112 | 72 6 n/4 5n/3 80 -3.8318079347E-05 -3.8318079347E-05 -3.8318079347E-05
13 | 232 | 112 11 12| 2172 | 1572 10 3n/5 Tn/4 100 -4.8916831109E-06 -4.8916831109E-06 -4.8916831109E-06




Table 2. The values of overlap integrals over X -TSTO for s =1 obtained from the different complete sets of “ -ETO in molecular coordinate

system
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Eqgs. (30) and (33)

ni| j m; / Jj m; | [ I2] (1)) G=2%R
a=1 a=0 a=-1

2 1 0 0 | 2] 1 0 0 0 0 70 2.4395477541E-11 2.4395477541E-11 2.4395477541E-11
4 2 1 2 | 3] 2 1 1 0 0 50 1.6573617805E-05 1.6573617805E-05 1.6573617805E-05
5 4 2 3 |5 2 2 3 0 0 80 1.0252040078E-09 1.0252040078E-09 1.0252040078E-09
7 5 4 5 | 6| 4 4 4 0 0 20 3.0946206702E-02 3.0946206702E-02 3.0946206702E-02
9 6 6 7 |8 7 6 6 0 0 60 -5.1122825714E-06 -5.1122825714E-06 -5.1122825714E-06
10| 8 7 8 10| 7 7 7 0 0 40 -1.2488415956E-03 -1.2488415956E-03 -1.2488415956E-03
3 2 1 1 |2 1 1 0 3n/4 Sn/4 30 -1.1724258661E-03 -1.1724258661E-03 -1.1724258661E-03
4 3 -1 2 | 3] 2 0 1 /6 /6 50 2.6634696867E-06 2.6634696867E-06 2.6634696867E-06
6 5 5 4 | 5| 4 3 3 2n/3 3n/2 60 2.3995958731E-05 -2.3995958731E-05 -2.3995958731E-05
7 6 -1 s |9 7 2 6 /3 4m/3 40 -6.7143781343E-03 -6.7143781343E-03 -6.7143781343E-03
10| 7 5 8 | 8| 7 3 8 /4 s5n/3 70 -8.7789594896E-06 -8.7789594896E-06 -8.7789594896E-06
12| 10 7 10 [11] 9 -8 9 /6 5n/6 100 4.0504854462E-09 4.0504854462E-09 4.0504854462E-09




Table 3. The values of overlap integrals over X-TSTO for s=3/2 obtained from the different complete sets of y“-ETO in molecular

coordinate system
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" ] mj / n' j’ m; / 0 0 G2k Eqgs. (30) and (33)
a=1 a=0 a=-1

4 52 172 2 4 | 32 1/2 2 0 0 20 9.9761194058E-02 9.9761194058E-02 9.9761194058E-02
5 912 32 3 3 5/2 32 1 0 0 40 -5.0598748953E-04 -5.0598748953E-04 -5.0598748953E-04
6 72 172 4 4 172 172 2 0 0 50 -9.2565575272E-05 -9.2565575272E-05 -9.2565575272E-05
7 52 5/2 4 7 7/2 5/2 3 0 0 80 4.9898149210E-08 4.9898149210E-08 4.9898149210E-08
9 15/2 | 1172 7 8 | 13/2 | 112 6 0 0 90 5.3294685074E-09 5.3294685074E-09 5.3294685074E-09
11| 192 | 132 8 9 | 152 | 1372 7 0 0 100 -1.3478479027E-09 -1.3478479027E-09 -1.3478479027E-09
3 32 172 0 2 32 172 0 /6 51/6 20 3.7387341932E-02 3.7387341932E-02 3.7387341932E-02
4 512 -3/2 2 3 32 -172 1 n/4 n/6 30 -2.8222062021E-03 -2.8222062021E-03 -2.8222062021E-03
5 32 -3/2 3 4 172 -1/2 2 2m/3 Sn/4 60 -2.1846826945E-06 -2.1846826945E-06 -2.1846826945E-06
7 9/2 5/2 5 6 5/2 32 3 /8 41/3 70 -1.2002777687E-06 -1.2002777687E-06 -1.2002777687E-06
9 112 | -72 7 7 9/2 5/2 5 /6 Tn/4 90 9.4942481083E-08 9.4942481083E-08 9.4942481083E-08
13 | 2172 | 1572 11 12| 192 | 1572 10 /5 3n/2 110 - 3.4144983964E-08 - 3.4144983964E-08 - 3.4144983964E-08
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